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Complete Control of Hamiltonian Quantum Systems: Engineering of Floquet Evolution
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We propose a method for controlling the unitary evolution of quantum systems by switching on and
off alternatively two distinct constant perturbations. We show how to find appropriate switching times
in order to attain any desired evolution. We suggest an experimental realization of our method in
controlling the translational motion of cold atoms. [S0031-9007(98)08072-7]

PACS numbers: 03.65.–w, 03.75.–b, 32.80.Qk
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One encounters the problem of quantum control in se
eral fields of contemporary physics and chemistry, su
as molecular dynamics in laser fields [1,2] and quantu
optics [3–6]. A few examples of complete control o
the quantum state by conditional measurements [7],
adiabatic transport [8], or by unitary evolution [9] hav
been already proposed for the particular quantum syst
of atoms interacting with quantized electromagnetic fie
in a single-mode resonator. But to what extent is it po
sible to control the quantum dynamics in the general ca
In this Letter we show that one can obtain complete co
trol not only over the quantum state but also over the u
tary evolution of a generic Hamiltonian system. It ca
be achieved simply by switching on and off two distinc
perturbationsV̂A and V̂B in an alternating sequence. Fo
anN-level system [10] the sequence is periodic, and ea
period consists ofN2 time intervals,t1, t2, . . . , tN2 , which
are found by solving the “inverse Floquet problem” [11
as described below. In other words, in order to contr
the system the perturbation̂VA should be applied during
time t1 followed by the perturbation̂VB during time t2,
and then again̂VA during timet3 followed by V̂B during
time t4, and so forth, altogetherN2 times. After the last
interval tN2 the sequence repeats itself.

We emphasize the difference between the control
evolution and the control over a quantum state. T
first means free choice of all elements ofN 3 N evo-
lution matrix Û, restricted only by the unitarity condi-
tion. Inversion or displacement of all wave functions o
maintaining a quantum state intact in the course of tim
0031-9007y99y82(1)y1(5)$15.00
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without specifying this state are just three examples
many objectives that can be achieved only by this type
control. The second means free choice ofN-component
state vectorj fl  Ûjil corresponding to a given initial
statejil, whereas the evolution of other states is ignore
It is an easier task that requires onlyN control parameters
and can be performed in many different ways, includin
in particular, the control of the evolution operatorÛ.

Our aim is to control the system, of an unperturbe
Hamiltonian Ĥ0, in such a way that after each period
will be effectively evolving according to an arbitrarily
prescribed Hermitian Hamiltonian̂Heff fi Ĥ0. The set
of all possible Hermitian HamiltonianŝHeff comprises a
linear space ofN2 real dimensions, and therefore, in orde
to exert complete control over the system we need to ha
at leastN2 real control parameters at our disposal. Th
interaction intervalst1, t2, . . . , tN2 are meant to serve as
these parameters.

At the end of each period, at timet 
PN2

n1 tn, the
evolution of the system is given by the unitary operator

Ûstd  e2iB̂tN2 e2iÂtN221 · · · e2iB̂t2 e2iÂt1 , (1)

where we denotêA  Ĥ0 1 V̂A; B̂  Ĥ0 1 V̂B and set
h̄  1. Hence, complete control of the evolution ove
a period means that for any given̂Heff one can find a
sequence of positive timest1, t2, . . . , tN2 such that

e2iB̂tN2 e2iÂtN221 · · · e2iB̂t2 e2iÂt1  e2iĤefft (2)

holds for some effective evolution timet.
© 1998 The American Physical Society 1
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In order to ensure complete control the operatorsÂ and
B̂ should apparently satisfy some conditions. We co
jecture, in lack of a rigorous mathematical proof, tha
complete control is attainable if the set of commutato
fÂ, fffÂ, . . . fÂ, B̂g . . . gggg and fB̂, fffB̂, . . . fB̂, Âg . . . gggg of all or-
ders up toN2 spans the entire space ofN-dimensional
Hermitian Hamiltonians, that is, if these commutator
form a complete basis for theN 3 N Hermitian matri-
ces. This condition is implied by the requirements th
(i) all eigenvalues and their pairwise differences are di
tinct both for Â and for B̂, and (ii) that in the represen-
tation whereÂ is diagonal the matrix of̂B has no zero
elements and vice versa [12]. These conditions are m
by all generic Hermitian pairŝA and B̂. However, here
we mainly focus on the case where all the commutato
and, as a consequence, all the intervalstn are of the same
order of magnitude.

A straightforward attempt to solve numerically the
system of N2 nonlinear equations (2) for the times
t1, t2, . . . , tN2 results, even for relatively small systems, in
cumbersome calculations which usually do not converg
Therefore, one needs a better numerical method that co
rely on solving either a big but linear system of equation
or a small system of nonlinear equations.

Our approach is based on the following idea: W
should first find an “identity map” solutionT1, T2, . . . , TN2

for the particular caseĤeff  0. If we succeed, the
operator of the evolution over the periodT 

PN2

n1 Tn

is the identity transformation

ÛsT d  e2iB̂TN2 e2iÂTN221 · · · e2iB̂T2 e2iÂT1  1 . (3)

For small variationstn  Tn 1 dtn of the timesTn the
expansion of the exponential factors in Eq. (1) yields th
first order corrections

Ûstd  e2iB̂TN2 s1 2 iB̂dtN2de2iÂTN221 s1 2 iÂdtN221d

3 · · · e2iB̂T2 s1 2 iB̂dt2de2iÂT1 s1 2 iÂdt1d

1 osdt1, dt2, . . . , dtN2d

 1 2 i
N2X

n1

Ĥndtn 1 osdt1, dt2, . . . , dtN2d , (4)

with N2 Hermitian operatorŝHn

Ĥ1  e2iB̂TN2 e2iÂTN221 · · · e2iB̂T2 e2iÂT1 Â ,

Ĥ2  e2iB̂TN2 e2iÂTN221 · · · e2iB̂T2 B̂e2iÂT1 ,

. . .

ĤN2  e2iB̂TN2 B̂e2iÂTN221 · · · e2iB̂T2 e2iÂT1 . (5)

If, moreover, for our specific choice of timingsTn the
operatorsĤn turn out to be linearly independent, then b
standard methods of linear algebra we can express a
Hermitian operator̂Heff as a linear combination

Ĥefft 
N2X

n1

Ĥndtn . (6)
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Therefore we can rewrite Eq. (4) in the form

Ûstd  e2iĤefft 1 ostd . (7)

By takingt small enough and by repeating the applicati
of Ûstd with the same timingstn  Tn 1 dtn again and
again we can emulate the evolution according toĤeff over
any finite duration of time and to any prescribed accura

This scheme gives a solution of the control proble
although it may require so large a number of cont
periods that one cannot afford it in practice. Actua
a better solution exists, which yields the desired cont
with utmost accuracy within a finite number of period
For a relatively small but finitet we can find variations
dtn for which Eq. (2) holds exactly. This can be achiev
by an iterative process, where at each step we impr
the accuracy of the correctionsdtn by linearizing Eq. (2)
around a pointt1, t2, . . . , tN2 yet closer to the desired
solution, starting withT1, T2, . . . , TN2 as the initial point.

The problem of complete control is thus reduced
finding times Tn such that (a)Ûs

PN2

n1 Tnd  1, and
(b) theĤn of Eq. (5) are linearly independent. Althoug
we do not know of any general principle which wou
guarantee the existence of such timings, in practice, for
considered systems withN up to 16 we were able to find
numerical valuesTn by the following procedure. We firs
find a short sequence ofN time intervals,T 0

1, T 0
2, . . . , T 0

N ,
for which the unitary transformation

Ûr sT 0
1, T 0

2, . . . , T 0
N d  e2iB̂T 0

N · · · e2iB̂T 0
2 e2iÂT 0

1 (8)

is a “nondegenerateN th root of the unity operator”; that
is, it satisfies the condition

ÛN
r  1 (9)

and has distinct eigenvalues:lq  e2piqyN , q 
1, 2, . . . , N. Then we construct the long sequence
N2 timings T1, T2, . . . , TN2 by repeatingN times the
short sequenceT 0

1, T 0
2, . . . , T 0

N , and thus obtain timings
Tn satisfying condition (a) by construction. Moreove
due to the nondegeneracy of̂Ur we expect that they
also satisfy condition (b), since in the generic case
nondegeneracy of̂Ur ensures that allHn are different and
hence linearly independent [13].

We determine the required timingsT 0
1, T 0

2, . . . , T 0
N from

the condition that the characteristic polynomial
NX

j0

ajsT 0
1, . . . , T 0

N dlj  detfl 2 Ûr sT 0
1, . . . , T 0

N dg (10)

of the operatorÛr should have the form
NX

j0

ajsT 0
1, T 0

2, . . . , T 0
N dlj  lN 2 1 , (11)

which guarantees that its roots coincide with the eigenv
ueslq. Equation (11) implies that all the coefficientsaj

are zero, apart fromaN which is always equal to unity and
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a0 which is equal to detUr . Therefore, we can find values
T 0

1, T 0
2, . . . , T 0

N that satisfy it by minimizing the function

fsT 0
1, T 0

2, . . . , T 0
N d 

NX
j0

jajsT 0
1, T 0

2, . . . , T 0
N dj2 (12)

with respect to theseN variables [14]. In this way we
have found timingsT 0

1, T 0
2, . . . , T 0

N , for different systems of
N  2, 4, . . . , 16 levels, affording complete control over
their evolution. We note that these solutions are n
unique. Numerous solutions are scattered all over t
space ofN variables, and hence the choice of a specifi
one is open to optimization.

Two basic prerequisites ensure the applicability o
the proposed method to a particular quantum syste
First, the control time should be shorter than the sho
est relaxation time1yG of the system, which means
NpG

PN2

n1 Tn ø 1 where Np is the number of control
periods. Second, the phase error accumulated due to
perfections in the switching of the perturbations (for ex
ample, finite rising time and timing jitters) should be
small. Assuming an uncertainty ofdt in the switching
timings and denoting byvmax the maximal frequency of
the HamiltoniansÂ and B̂ we arrive at the requirement
NpN2vmaxdt ø 1.

Although the proposed method of control is applicab
to any quantum object of a finite number of levels, th
practical requirements of rapid and accurate switchin
can be met easily only for a relatively slow system
The following example demonstrates the method in a
experimentally realistic setting. Consider a cold ato
confined in the presence of the gravitational field in
one dimensional potential pit of widthL formed by two
horizontal atomic mirrors [15], as shown in Fig. 1. Th
vertical motion of the atom along thez axis is described
by the Hamiltonian

Ĥ0  2
h̄2

2m
≠2

≠z2 1 mgz (13)

and the boundary conditionscs0d  csLd  0 for the
atomic wave functioncszd. Here m is the atomic mass
andg is the gravitational acceleration.

To control the system we introduce two nonresona
standing electromagnetic waves,A and B, of different
wavelengths,lA and lB, that interact with the atom via
the induced-dipole-force Hamiltonians

V̂A;B  2
p

c
asvA;BdIA;B sin2s2pzylA;Bd (14)

given by the product of thez-dependent field intensities
IA;B sin2s2pzylA;Bd and atomic susceptibilitiesasvA;Bd
at the frequenciesvA;B  2cpylA;B of the waves. For
lA;B , L the matrix elements of the perturbations (14
are significant for only the first few energy levels. Fo
a rubidium atom of massm  1.42 3 10222 g in a
potential pit of L  2.5 mm, and in the presence of
ot
he
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FIG. 1. Experimental setting for demonstrating the contr
method: Rubidium atom placed between two horizontal prism
forming two evanescent-wave atomic mirrors. Control
the vertical translational motion is achieved by nonresona
radiation of two lasers of different wavelengths that intera
with the atom via the dipole force. To be specific we assum
that both laser fields have nodes at the surface of the low
prism.

Nd-glass (lA  1060 nm; IA . 22 KWycm2) and Ti-
sapphire (lB  786 nm; IB . 0.4 KWycm2) laser fields,
we examine numerically the Hamiltonian (13) and pertu
bations (14) and find that only the firstN  10 levels are
perturbed [16]. Therefore, we can restrict our attention
the problem of controlling just these levels.

In Fig. 2 we demonstrate two examples of control
the atom. With timingsTn of a few hundred microsec-
onds given in Table I we arrive at an “identity map” evo
lution operatorÛstd  ÛN

r  1 6 10215 that allows one
to reconstruct completely any initial state after a single p
riod [17]. In the presence of timing jitterdt , 1028 sec,
typical of standard electrocommutation techniques, we
store the initial wave packet with accuracy1023. For
this system we also show the transformation of a n
row (0.25 mm) quasi-Gaussian wave packet into a tw
hump distribution. It can be accomplished afterNp  15
control periods with timingstn, given in Table I, that are
close to those of the “identity map.”

We conclude by summarizing the main results and
formulating several open questions. We have demo
strated that for any quantum system of finite number
states one can attain complete control of the Floquet e
lution over a period by applying repeatedly an alternati
sequence of two distinct time-independent perturbatio
The control procedure relies on the solution of the “in
verse Floquet problem” which specifies, for anN-level
system, the lengths ofN2 time intervals per period dur-
ing each of which one or the other of the two perturb
tions is applied. One finds this solution by linearizin
the problem in the vicinity of the identity map solution
which gives the intervals for the identity transformation
3
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FIG. 2. Schematic view of the control of a trapped cold ru
bidium atom. Potential energy in units ofp2 h̄2y2mL2 and
first few energy levelsEi (solid lines) are shown along with
the two control perturbations (shown not to scale)VA (dotted
line) andVB (dashed line). The initial quasi-Gaussian probabil
ity distribution jcszdj2 ,

P5
n0 expf2s2ny5d2g sin2s2npzyLd

(bold line) is recovered accurately at timeT 
PN2

n1 Tn af-
ter one control period with timingsTn given in Table I. The
atomic distribution at the same timeT for an uncontrolled atom
(long-dashed line) differs from the initial distribution. The
same initial distribution attains a desired two-hump shape aft
Np  15 control periods (bold dash-dotted line) with timings
tn given in Table I.

The determination of the identity map solution relies o
the particular formlN 2 1 of the characteristic polyno-
mial of a nondegenerateN th root of the unity operator.

TABLE I. Identity map timings Tn for N  10 levels of
translation of a trapped cold atom, and timingstn  Tn 1 dtn
that allow one to split an initial quasi-Gaussian wave packe
into a two-hump shaped distribution after 15 control period
as it is illustrated in Fig. 2. Only the first 10 out of the 100
periodic timings are presented. The rest ofTn repeat the values
shown, and the rest oftn are close to the values given here.

n Tn smsecd tn smsecd dtn smsecd
1 230.667 230.335 20.332
2 333.121 330.169 22.952
3 259.938 257.599 22.339
4 248.654 247.880 20.774
5 320.099 321.819 1.720
6 343.634 344.247 0.613
7 277.201 275.666 21.535
8 235.567 239.881 4.314
9 331.637 330.457 21.180

10 326.410 329.022 2.612
4
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This nonlinear problem is solved numerically by min
mizing the sum of absolute values of the coefficients
the characteristic polynomial of the evolution operator
a function ofN time intervals. The solution is not unique
and can be optimized. Although numerous solutions ha
been found for all considered quantum systems, the p
cise mathematical condition for their existence remains
open question. Another open question of practical impo
tance is the possibility of generalizing the control metho
to the case of quantum systems with infinite number
states. In this context one can think of controlling a fi
nite subsystem of an infinite system. Finally, the fact th
for the controlled evolution all states of the system a
accessible invites one to study the analogies with chao
systems for which the sweep of all phase space is an
trinsic property.
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