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Complete Control of Hamiltonian Quantum Systems: Engineering of Floquet Evolution
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We propose a method for controlling the unitary evolution of quantum systems by switching on and
off alternatively two distinct constant perturbations. We show how to find appropriate switching times
in order to attain any desired evolution. We suggest an experimental realization of our method in
controlling the translational motion of cold atoms. [S0031-9007(98)08072-7]

PACS numbers: 03.65.—w, 03.75.-b, 32.80.Qk

One encounters the problem of quantum control in sevwithout specifying this state are just three examples of
eral fields of contemporary physics and chemistry, suclmany objectives that can be achieved only by this type of
as molecular dynamics in laser fields [1,2] and quantuntontrol. The second means free choiceNostomponent
optics [3—-6]. A few examples of complete control of state vectod f) = U|i) corresponding to a given initial
the quantum state by conditional measurements [7], bgtate|i), whereas the evolution of other states is ignored.
adiabatic transport [8], or by unitary evolution [9] have It is an easier task that requires om¥ycontrol parameters
been already proposed for the particular quantum systemnd can be performed in many different ways, including,
of atoms interacting with quantized electromagnetic fieldn particular, the control of the evolution operat@r
in a single-mode resonator. But to what extent is it pos- Our aim is to control the system, of an unperturbed
sible to control the quantum dynamics in the general caseflamiltonian Ay, in such a way that after each period it
In this Letter we show that one can obtain complete conwill be effectively evolving according to an arbitrarily
trol not only over the quantum state but also over the uniprescribed Hermitian Hamiltonia#l.;s # Hy. The set
tary evolution of a generic Hamiltonian system. It canof all possible Hermitian Hamiltonian&.; comprises a
be achieved simply by switching on and off two distinct linear space oN? real dimensions, and therefore, in order
perturbations/, and V in an alternating sequence. For to exert complete control over the system we need to have
an N-level system [10] the sequence is periodic, and eacht leastN? real control parameters at our disposal. The
period consists oV time intervals,, 1, ..., ty>, which  interaction intervalst, ,,...,7y> are meant to serve as
are found by solving the “inverse Floquet problem” [11] these parameters.
as described below. In other words, in order to control At the end of each period, at time= Zn | tn, the
the system the perturbatiory should be applied during evolution of the system is given by the unitary operator
time 1 foIIowed by the perturbatiorVz durlng time,, R , ' ' ,
and then agairV, during timer; followed by V during U(1) = e B gmidtan . o= =idn, 1)
time 4, and so forth, altogethev? times. After the last n N PO N N
intervalry> the sequence repeats itself. where we denotel = Ho + Vy; B = Ho + Vj and set

We emphasize the difference between the control J? 1. Hence, complete control of the evolution over
evolution and the control over a quantum state. Thé period means that for any givelii.;; one can find a
first means free choice of all elements §fx N evo- >cdUence of positive times, 15, ..., fy such that
lution matrix U, restricted only by the unitarity condi- o "B p—iAna | =iBn ,—iAn _ —iflaT )
tion. Inversion or displacement of all wave functions or
maintaining a quantum state intact in the course of timénolds for some effective evolution time

0031-900799/82(1)/1(5)$15.00 © 1998 The American Physical Society 1



VOLUME 82, NUMBER 1 PHYSICAL REVIEW LETTERS 4 ANuARY 1999

In order to ensure complete control the operatbend  Therefore we can rewrite Eq. (4) in the form
B should apparently satisfy some conditions. We con- . Cifler
jecture, in lack of a rigorous mathematical proof, that Ut) = e 7 + o(7). (7)
complete control is attainable if the set of commutator
[A[A,...[A,B]...]] and[B,[B,...[B,A]...]] of all or-
ders up toN? spans the entire space df-dimensional

Hermitian Hamiltonians, that is, if these commutators,,y finite duration of time and to any prescribed accuracy.

form a complete basis for thy X N' Hermitian matri- This scheme gives a solution of the control problem,
ces. This condition is implied by the requirements thatalthough it may require so large a number of control

(i) all eigenvalues and their pairwise differences are dis‘periods that one cannot afford it in practice. Actually

tinct both forA and for 5, and (i) that in the represen- 3 peter solution exists, which yields the desired control
tation where is diagonal the matrix o8 has no zero i ytmost accuracy within a finite number of periods:
elements and vice versa [12]. These conditions are met, 5 re|atively small but finite- we can find variations

by all generic Hermitian paird and B. However, here 5, o \which Eq. (2) holds exactly. This can be achieved

we mainly focus on the case where all the ccr:mmutatorﬁy an iterative process, where at each step we improve
and, as a consequence, all the intervalare of the same the accuracy of the correctiords,, by linearizing Eq. (2)

order of magnitude. _ around a pointt;,t,...,ty: yet closer to the desired
A straightforward attempt to solve numerically the gqtion, starting withry, 7, . .., Tx: as the initial point.

system of N? nl?nlinear fequaltict)_nsl(Z) folrl thet time_s The problem of complete control izs thus reduced to
11,1, ..., > results, even for relatively small systems, 'nfinding times T, such that (a)U(Zlnvzl T,) =1, and
cumbersome calculations which usually do not converge

Therefore, one needs a better numerical method that cou%)) the, of Eq. (5) are linearly independent. Although

X : . . .~ “we do not know of any general principle which would
rely on solving either a big but linear system of equations . N . )
or a small system of nonlinear equations. guarantee the existence of such timings, in practice, for all

. L considered systems withi up to 16 we were able to find
Our approach is based on the following idea: We ical val by the followi d We fi
should first find an “identity map” solutiof;, 7, Ty numerical values,, by the following proce/ur?. e/lrst
: A Phe find a short sequence &f time intervals, Ty, T>,..., Ty,
for the particular casef.;s = 0. If we succeed, the

. . for which the unitary transformation
operator of the evolution over the peridd = ZQ’; T, y o o
is the identity transformation U.(T],T),...,Th) = e PTv ... 7B, =iAT1 (@)

By taking 7 small enough and by repeating the application
of U(¢) with the same timings, = T, + dt, again and
again we can emulate the evolution accordingitg over

2 _ ,—iBTy2 ,—iATy2_ —iBT, ,—iAT, _ . .
UT) = e " We i em e = 1. (3) s a “nondegenerat&¥th root of the unity operator”; that
For small variations, = T, + &1, of the timesT, the IS, it satisfies the condition

expansion of the exponential factors in Eq. (1) yields the ov =1 9)
first order corrections ’
~ 5 A 4 ~ iati ; 2 — ,2mig/N —
D) = e BT (1 — iBStve)e ATe-1(1 — iAStne_ and has distinct eigenvaluesi, = e . q
) =e (_A : NA)e ,A( ! . w-1) 1,2,...,N. Then we construct the long sequence of
X e P(1 = iBSn)e M (1 — iASH) N2 timings T, 7T,...,Tx> by repeatingN times the
hort sequencd’,T5,...,Ty, and thus obtain timings
+0(811,80,..., 81y snort sed L2, :
ol Nl g w) T, satisfying condition (a) by construction. Moreover,

_ N A due to the nondegeneracy &f, we expect that they
=1 - H,ot, + o(ot1,6t,...,6ty2), (4 : g . ; .

! 0(d, 81, v () also satisfy condition (b), since in the generic case the
nondegeneracy df, ensures that alli,, are different and
hence linearly independent [13].

n=1

with N2 Hermitian operatorgl,,

Hy = e BT o=iATiaoy | ,=iBT2 ,~iAT\ § We determine the required timing§, 73, ..., T from
i, = o iBT2 iy, | BT, ~iAT, the condition that the characteristic polynomial
’ N
> ay(T],..., TN = defr — 0.(T,....,T})] (10)
Hy = o iBTv: f,~iATxao1 | ,—iBT: ,~iAT, (5) j=0

of the operatof], should have the form

N

> a1, T, ..., TN = AV — 1, (11)
j=0

If, moreover, for our specific choice of timings, the
operatorsH,, turn out to be linearly independent, then by
standard methods of linear algebra we can express any

Hermitian operatof.¢; as a linear combination i , o ) .
N which guarantees that its roots coincide with the eigenval-

Hoer = Z i,5t, . (6) uesAi,. Equation (11) impligs that all the coeffic[ertt§
are zero, apart fromy which is always equal to unity and

n=1
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ao which is equal to det/,. Therefore, we can find values Nd:Glass TiSa
T{,Ts,..., Ty that satisfy it by minimizing the function 1060 nm /786 nm.
N z ’ //

j=0

with respect to thes&/ variables [14]. In this way we

have found timing4[, 75, ..., Ty, for different systems of |
N = 2,4,...,16 levels, affording complete control over "5 5 um e
their evolution. We note that these solutions are not 10 . Rb .

unique. Numerous solutions are scattered all over the
space ofN variables, and hence the choice of a specific
one is open to optimization.

Two basic prerequisites ensure the applicability of
the proposed method to a particular quantum system.
First, the control time should be shorter than the shortFIG. 1. Experimental setting for demonstrating the control

est relaxation timel/T" of the system, which means method: Rubidium atom placed between two horizontal prisms
' forming two evanescent-wave atomic mirrors. Control of

2 .
Nprzf;]=1 T, <1 where N, is the number of control ihe vertical translational motion is achieved by nonresonant
periods. Second, the phase error accumulated due to irfadiation of two lasers of different wavelengths that interact
perfections in the switching of the perturbations (for ex-with the atom via the dipole force. To be specific we assume
ample, finite rising time and timing jitters) should be that both laser fields have nodes at the surface of the lower
small. Assuming an uncertainty @t in the switching P"s™
timings and denoting bw.,.x the maximal frequency of
the HamiltoniansA and B we arrive at the requirement _
NpN?@pmax 81 < 1. Nd-glass @4 = 1060 nm; I, = 22 KW/cv’) and Ti-
Although the proposed method of control is applicablesapphire £z = 786 nm; Iz = 0.4 KW /cnr) laser fields,
to any quantum object of a finite number of levels, thewe examine numerically the Hamiltonian (13) and pertur-
practical requirements of rapid and accurate switching®ations (14) and find that only the first = 10 levels are
can be met easily only for a relatively slow system.perturbed [16]. Therefore, we can restrict our attention to
The following example demonstrates the method in arthe problem of controlling just these levels.
experimentally realistic setting. Consider a cold atom In Fig. 2 we demonstrate two examples of control of
confined in the presence of the gravitational field in athe atom. With timingsl’, of a few hundred microsec-
one dimensional potential pit of width formed by two  ©nds given in Table | we arrive at an “identity map” evo-
horizontal atomic mirrors [15], as shown in Fig. 1. Thelution operatorU(r) = U = 1 = 10" that allows one
vertical motion of the atom along theaxis is described to reconstruct completely any initial state after a single pe-
by the Hamiltonian riod [17]. In the presence of timing jitte¥s ~ 1078 sec,
typical of standard electrocommutation techniques, we re-
S store the initial wave packet with accurad9 3. For
Hy = —5— — + mgz (13) . !
2m 97> this system we also show the transformation of a nar-
row (0.25 wm) quasi-Gaussian wave packet into a two-
hump distribution. It can be accomplished aftgy = 15
control periods with timings,,, given in Table I, that are
Flose to those of the “identity map.”
We conclude by summarizing the main results and by
formulating several open questions. We have demon-
) ; o strated that for any quantum system of finite number of
the induced-dipole-force Hamiltonians .
states one can attain complete control of the Floquet evo-
Vap = - a(wa.8)14.3 SIP (272 / Ay:p) (14) lution over a period by applying repeatedly an alternating
¢ sequence of two distinct time-independent perturbations.
given by the product of the-dependent field intensities The control procedure relies on the solution of the “in-
Ir5SiP(27z/Aa.p) and atomic susceptibilities(wa.3)  verse Floquet problem” which specifies, for ahlevel
at the frequenciess.p = 2c7 /A4 Of the waves. For system, the lengths a¥? time intervals per period dur-
Aas ~ L the matrix elements of the perturbations (14)ing each of which one or the other of the two perturba-
are significant for only the first few energy levels. Fortions is applied. One finds this solution by linearizing
a rubidium atom of massn = 142 X 1072 g in a the problem in the vicinity of the identity map solution,
potential pit of L = 2.5 um, and in the presence of which gives the intervals for the identity transformation.

and the boundary conditiong(0) = (L) = 0 for the
atomic wave function)(z). Herem is the atomic mass
andg is the gravitational acceleration.

To control the system we introduce two nonresonan
standing electromagnetic waved, and B, of different
wavelengths A, and Ag, that interact with the atom via
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FIG. 2. Schematic view of the control of a trapped cold ru-
bidium atom. Potential energy in units of?/?/2mL?* and
first few energy levelsE; (solid lines) are shown along with
the two control perturbations (shown not to scal@) (dotted
line) andVy (dashed line). The initial quasi-Gaussian probabil-
ity distribution [y(2)? ~ Y _, exd —(2n/5)*]sit(2nmz/L)
(bold line) is recovered accurately at timfe= Zf,vil T, af-
ter one control period with timing%, given in Table I. The
atomic distribution at the same tinfefor an uncontrolled atom
(long-dashed line) differs from the initial distribution. The

same initial distribution attains a desired two-hump shape after

N, = 15 control periods (bold dash-dotted line) with timings
t, given in Table I.

The determination of the identity map solution relies on
the particular formA" — 1 of the characteristic polyno-
mial of a nondegenerat¥'th root of the unity operator.

TABLE I. Identity map timings7, for N = 10 levels of
translation of a trapped cold atom, and timings= T, + &1,

This nonlinear problem is solved numerically by mini-
mizing the sum of absolute values of the coefficients of
the characteristic polynomial of the evolution operator as
a function ofN time intervals. The solution is not unique
and can be optimized. Although numerous solutions have
been found for all considered quantum systems, the pre-
cise mathematical condition for their existence remains an
open question. Another open question of practical impor-
tance is the possibility of generalizing the control method
to the case of quantum systems with infinite number of
states. In this context one can think of controlling a fi-
nite subsystem of an infinite system. Finally, the fact that
for the controlled evolution all states of the system are
accessible invites one to study the analogies with chaotic
systems for which the sweep of all phase space is an in-
trinsic property.
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