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We use a standard model for the low-temperature electron-phonon interaction in metals to calcu-
late the rate of thermal energy transfer between electrons and acoustic phonons in suspended
metallic nanoshells. The electrons are treated as three-dimensional and noninteracting, whereas
the vibrational modes are that of an thin cylindrical elastic shell of radius R with a free surface and
thickness h. Disorder is neglected. The temperature dependence of the thermal power is obtained
analytically for this model, and a crossover from the T 3 dependence expected for one-dimensional
phonons to a T 3/�1−�2�+9�T 4/�T ∗�1−�2�3/2� dependence is obtained.
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1. INTRODUCTION

The development of modern nanofabrication techniques
and low-temperature measurement technology enable us
to explore the mechanical properties of condensed mat-
ter at the nanoscale.1 In particular, the phonon thermal
conductance at low temperature has been of considerable
interest.1–5 In addition to its significance for investigat-
ing fundamental phonon physics and macroscopic quan-
tum phenomena, it may find applications in nanoscale
bolometers and calorimeters with unprecedented sensitiv-
ity,3,6, 7 and even in quantum information processing.8–10

It is known that the conduction electrons in a metal at
low temperature are only weakly coupled to the lattice
phonons.11,12 Therefore, the electron–electron scattering
will cause electrons to equilibrate on a timescale that is
typically much shorter than the electron-phonon relax-
ation time, resulting in an electron distribution that is
thermal, but at a temperature higher than that of the lat-
tice. Understanding this hot-electron effect is crucial in
studies of transport in semiconductors and metals at low
temperatures.13

The electron-phonon scattering rate in conductors has
been studied both theoretically14–16 and experimentally,16,17

with good agreement between theory and experiment. The
theoretical work has focused on the rate of energy transfer
between electrons and acoustic phonons in an infinite bulk
metal. The weak coupling between electrons and phonons

∗Author to whom correspondence should be addressed.

allows separate temperatures Tel and Tph to be defined for
the electron and phonon subsystems, and at low tempera-
tures significant differences in these temperatures are eas-
ily achieved. Assuming a deformation-potential coupling,
theory predicts that the rate of energy exchange P from
the electrons to the phonons is given by16

P = �V
(
T n
el −T n

ph

)
(1)

where n= 5 for bulk electrons and phonons, V is the vol-
ume of the system, and � is a material parameter given
by

�= 8 ��5� k5B �
2
FNel��F�

3��4�vFv
4
l

(2)

Here ��n� is the Riemann zeta function, �F is the Fermi
energy, Nel is the electronic density of states (DOS)
per unit volume, � is the mass density, vl is the bulk
longitudinal sound speed, and vF is the Fermi velocity.
Most of the experiments to date, however, have been

performed on thin metal films deposited on semiconduct-
ing substrates, whereas the theory has assumed bulk met-
als. The metal films typically have a thickness d of the
order of ten to several hundred nanometers, with lat-
eral dimensions of a few microns. Although the elec-
trons in the films are three dimensional (i.e., the Fermi
wavelength being much smaller than any of the phys-
ical dimensions), the phonons at low temperatures will
have wavelengths larger than d. Therefore, one expects
similar temperature dependence of the thermal power
described by Eq. (1), but with different pre-factors � and
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exponents n ranging from n = 3 to 6.11,12, 18, 19 In addi-
tion, there is a growing interest in the low-temperature
properties of electrons and phonons in mechanically sus-
pended nanostructures,2,4, 6, 7, 21–25 where the phonon spec-
trum is strongly modified from that in a bulk metal.
Experiments have found that the reduction of phonon
dimensionality leads to a weak temperature dependence
(smaller exponent) of the heat flux between electrons
and phonons.11,18, 22, 23 In many cases the power exhib-
ited a P∼T D+2 temperature dependence, where D is
the phonon dimensionality. The T 3 dependence of the
heat flux obtained for suspended one-dimensional metallic
nanowires in Ref. [26] also supports the above conjecture.
It stimulates us to investigate the hot-electron effect in a
geometry of cylindrical nanoshell.
In the current work, we will propose a general expres-

sion for calculating the thermal power transferring from
3-dimensional electron to any D-dimensional phonon sub-
system firstly, and then apply it to a prototype with geome-
try of cylindrical nanoshell which approximates a metallic
system with no band gap.

2. GENERAL EXPRESSION FOR THE
THERMAL POWER

In Ref. [27], two of the authors have advanced a general
method for calculating the rate of thermal energy (ther-
mal power) transfer based upon a kind of weighted DOS.
There, we consider the hot electron effect in a system
consisting of a three-dimensional electron gas and a three-
dimensional solid. The volume of the system is V and the
Hamiltonian reads

H =∑
k

�kc
†
kck+

∑
n

��na
†
nan+	H (3)

where c†k and ck are electron creation and annihila-
tion operators, with k the momentum, and a†

n and an

are bosonic phonon creation and annihilation opera-
tors. The vibrational modes, labeled by an index n, are
eigenfunctions of the continuum elasticity equation

v2t 
 ×
 ×u−v2l 
�
 ·u�= �2u (4)

for linear isotropic media, along with accompanying
boundary conditions. vt and vl are the bulk transverse
and longitudinal sound velocities. The electron-phonon
interaction 	H is described by the deformation potential

	H ≡ 2
3
�F

∫
V
d3r�†�
 ·u (5)

with

u�r�=∑
n

�2��n�
−1/2�fn�r�an+ f∗n �r�a

†
n (6)

the quantized displacement field. The vibrational eigen-
functions fn�r� are defined to be solutions of the elasticity

field equations, normalized over the phonon volume Vph

according to
∫
V
d3r f∗n · fn′ = 	nn′ . It will be convenient to

rewrite the electron-phonon interaction as

	H =∑
kqn

�gnq c
†
k+qckan+g∗nqc

†
k−qcka

†
n (7)

with coupling constant

gnq ≡
2
3
�F�2��n�

−1/2V −1
∫
V
d3r
 · fne−iq·r (8)

The quantity we calculate is the thermal energy per unit
time transferred from the electrons to the phonons,

P ≡ 2
∑
kqn

��n

[
� em
n �k→ k−q�−� ab

n �k→ k+q�
]

(9)

where

� em
n �k → k−q�= 2� �gnq�2�nB��n�+1nF��k�

× �1−nF��k−q�	��k−q− �k+�n�

(10)

is the golden-rule rate for an electron of momentum k
scattering to k−q while emitting a phonon n, and

� ab
n �k → k+q�= 2��gnq�2nB��n�nF��k�

× �1−nF��k+q�	��k+q− �k−�n�

(11)

is the corresponding phonon absorption rate. nB is the Bose
distribution function with temperature Tph and nF is the
Fermi distribution with temperature Tel. The factor of 2 in
Eq. (9) accounts for spin degeneracy.
Before integrating Eq. (9) to obtain the exact expres-

sion for P , we have to make a statement on the phonon
wave vector q and the dimensionality (denoted by D)
felt by phonons according to different thermal wavelength
�thermal = hvl/kBTph at phonon temperature Tph and model
velocity vl. The wave vector q is a 3-dimensional vec-
tor and thus D = 3 when �thermal is much less than the
dimension in any one of the three directions. It becomes
a 2-dimensional vector and D = 2 if �thermal is larger than
the dimension in any one direction, but an 1-dimensional
vector and D = 1 if �thermal is larger than the dimensions
in any two directions.
The integrations of Eq. (9) by considering three cases

gives a general expression of P for a metallic system con-
sisting of a three-dimensional electron gas and a any D-
dimensional phonon subsystem. The result (suppressing
factors of � and kB) is

P = m2V�ph

�

∑
n

∫ �

0
d�	��−�n�

(
�

e�/Tel −1
− �

e�/Tph −1

)
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×
∫ dDk
�2��D

�gnk�2
k

[
�+Tel ln

×
(
1+exp���m�2�/�2k2�+k2/�8m�−��/2�−��/Tel

1+exp���m�2�/�2k2�+k2/�8m�+��/2�−��/Tel

)]
(12)

where, �ph is the volume felt by phonons, which is not
necessarily equals to the system volume V . The loga-
rithmic term in P can be shown to be negligible in the
temperature regime of interest and will be dropped.
The DOS weighted form of P (suppressing factors of �

and kB) reads

P = 2m2�2F�ph

9��

∫ �D

0
d�F ���

(
�

e�/Tel −1
− �

e�/Tph −1

)
(13)

where �D is the Debye frequency, and F ��� is a strain-
weighted vibrational DOS, defined by

F ���≡∑
n

Un 	��−�n� (14)

with

Un ≡ 1
V

∫
V
d3rd3r′
 · fn�r� 
 ′ · f∗n �r′�

×
∫ dDk
�2��D

k−1e−ik·�r−r′� (15)

Here Un can be interpreted as an energy associated with
mass-density fluctuations interacting via an potential deter-
mined by the last integration in Eq. (15). To this end
we have reduced the calculation of P to the calculation
of F ���. Allen28 has derived a related weighted-DOS
formalism.
For the conventional hot-electron effect in bulk materi-

als,16 one deals with 3-dimensional phonon subsystem and
�ph = V . Carrying out the last integration in Eq. (15) gives

Un =
1

2�2V

∫
V
d3rd3r′


 · fn�r�
 ′ · f∗n �r′�
�r− r′�2 (16)

where the longitudinal acoustic phonon eigenfunction with
momentum k is

fk =
eiq · r√
V

ek (17)

Substituting this eigenfunction into Eq. (16) and carrying
out the integration, we obtain the weighted DOS

F ���= 1

2�2v4l
�3 (18)

The conventional expression for the net rate of energy
relaxation in Eq. (1) and the corresponding coefficient in
Eq. (2) can be easily reduced by this DOS.

3. HOT-ELECTRONS IN A
CYLINDRICAL NANOSHELL

In this section we consider a cylindrical metallic nanoshell
in which the external pressure on the inner surfaces
is equal to that on the outer surfaces, and the trans-
verse dimensions are far smaller than the length in the
z-direction, and the inner radius is R and the thickness
is h. Disorder is neglected. For convenience, we may, in
some extend, assume that there is no band gap in the
system. At the low temperature range we are interested,
the thermal wave length of electrons is far smaller than
the length and the thickness of the cylinder, and thus
electrons move 3-dimensionally. While the thermal wave
length of phonons is very smaller than the length but larger
than the thickness. Therefore, one may reasonably assume
thin cylinder for the phonon counterpart. There has been
extensively study on the property of acoustic phonons in
thin cylindrical shells.29–32 The thin cylindrical elastic shell
might be used as a model for the in-plane vibrations in
nanotubes.33 In our calculations, we employ the result of
Ref. [29], in which the eigenfunction reads,

f�r�=
⎛
⎝−iCr

C�

Cz

⎞
⎠ exp �im�+ iqzz� (19)

where � is the azimuth angular, qz ≡ q/R is the wavevec-
tor in the z-direction. Cr�C� and Cz are respectively the
normalization constants in three orthogonal directions. The
eigenmodes are given by

�I
m�q�	 �c

√
q2+m2+1 (20)

�II
m�q�	 �c

√
�−�q2+m2� (21)

�III
m=0�q�	 �c

q
√
1−�2

1+q
(22)

�III
m �q�	 �c

q2
√
1−�2

m
√
m2+1+q2

(23)

Here �c ≡ vl/R is the cutoff frequency for the mode with
frequency �I

0, q is the dimensionless wavevector, m is the
branch index, �− = �1− ��/2, � is the Poisson ratio, and
vl =

√
E/��1−�2� is the longitudinal sound velocity (E is

Young’s modulus). In the axisymmetric case with m = 0
the I, II and III modes correspond to pure radial, torsional,
and longitudinal modes respectively. They correspond to
pure longitudinal modes, torsional, and radial respectively
in the large q limitation.
Simply calculation via Eq. (8) reveals that only the

axisymmetric modes with �I
0 and �III

0 contribute to the
electron-phonon interaction. The corresponding dispersion
relations are

�I
0�q� = �c

√
q2+1 (24)

�III
0 �q� = �c

q
√
1−�2

q+1
(25)

9986 J. Nanosci. Nanotechnol. 11, 9984–9988, 2011



Delivered by Ingenta to:
Michael Geller

IP : 72.194.211.160
Sun, 06 Jan 2013 22:09:24

R
E
S
E
A
R
C
H

A
R
T
IC

L
E

Qu et al. Hot Electrons and Electron-Phonon Coupling in a Cylindrical Nanoshell

Here one may find that the minimum of �I
0 is always

bigger than the maximum of �III
0 . The normalization con-

stants for the first mode are respectively Cr = i�A1, C� = 0
and Cz = qA1 with A1 ≡ �V ��2 + q2�−1/2. Those for the
second mode are Cr = −i�qA2, C� = 0 and Cz = A2�1+
2q+�2q2�/�1+q�2 with A2 ≡ �1+q�2�V ��2q2�1+q�4+
�1+2q+�2q2�2�−1/2.
Obviously, phonons in this subsystem move quasi-one

dimensionally and thus we have �ph = L with L the
length of the cylindrical nanoshell. Employing identity∫�
−� dkk−1e−ik�z−z′� = i�sign�z′ − z�, Eq. (15) gives

Um
qz
≡ i

2V

∫
V
d3rd3r′
 · fn�r�
 ′ · f∗n �r′�sign�z′ − z�

(26)

where the superscript m= 1 or 2 distinguishes two vibra-
tional modes associated with the two dispersion rela-
tions defined in Eqs. (24) and (25), respectively. The
strain-weighted vibration DOS is

F ���= F1���+F2��� (27)

with Fm��� defined by

Fm��� ≡∑
qz

Um
qz
	��−�1�qz��

= iL

4�RV

∫ �

−�
dq	��−�m�q��

×
∫
V
d3rd3r′
 · fn�r�
 ′ · f∗n �r′�sign�z′ − z�

(28)

Here, F1��� is valid in the range confined by � ≥ �c.
Carrying out the integrations over r, r′, and q, we obatin

F1���=
(

�

2�v2l

)
1−�2/�2

c

�1−�2�−�2/�2
c

(29)

and

F2��� =
(

�

2�v2l

) √
1−�2

√
1−�2−�/�c

×
(
1−�2/�2

c

)2
�2�2/�2

c + �1−�2/�2
c�

2 �
√
1−�2−�/�c�

2

(30)

Then the thermal power can be calculated by the following
formula,

P = 2m2�2FL

9��

[∫ �D

�c

d�F1���

(
�

e�/Tel −1
− �

e�/Tph −1

)

+
∫ �D

0
d�F2���

(
�

e�/Tel −1
− �

e�/Tph −1

)]
(31)

The strain-weighted DOS has distinct high- and low-
frequency character crossing over at �=�c because F1���
has a cut off at this frequency. Clearly, �c defines a nature
crossover temperature

T � ≡ ��c

kB
(32)

distinguishing the high and low temperature behaviors.
At high temperature where T > T �, F1��� dominates the

contribution, and the large frequency asymptotic behavior
of strain-weighted DOS reads

F ���= F1���	
�

2�v2l

leading to the high-temperature expression of thermal
power

P = �1DL
[
�3��D/Tel�T

3
el −�3��D/Tph�T

3
ph

]
(33)

here �1D is the material parameter defined by

�1D = ��3�k3Bk
4
F

18���2v2l
(34)

and �m�y�≡ ��m−1�!��m�−1
∫ y

0 dx xm−1/�ex−1�. It can
be shown that the �3 factors are equal to unity at tem-
peratures above T � but sufficiently smaller than the Debye
temperature. Thus, expression (33) reduces to

P = �1DL
(
T 3
el −T 3

ph

)
(35)

The T 3 law for the thermal power for cylindrical
nanoshells revealed by this relation is the same to that
in one dimensional phonon systems where electron cool-
ing devices are manipulated.23,26 The crossover from the
T 5 law in three-dimensional phonon systems to the T 3

law in their one-dimensional counterparts shows that
the electron-phonon interaction changes very significantly
when dimensionality of the phonon subsystem reduces,
which agrees with the effect of phonon dimensional-
ity on the electron-phonon coupling observed by other
researches.11,19, 23, 26

At low-temperature when T < T �, the dominant contri-
butions to the thermal power are due to the small frequency
asymptotical behavior of F ���, which are

F1��� 	
�

2�v2l
� �≥ �c

F2��� 	
�

2�v2l

[
1

1−�2
+ 3�

�c�1−�2�3/2

]

Combining these two expressions with Eq. (31), we get
the low-temperature expression of the thermal power

P = �1DL
[
��TelT

3
el −��Tph� T

3
ph

]
+�1DL

[
��Tel�T

4
el −��Tph� T

4
ph

]
(36)
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where

��T � ≡ 2�3��D/T �−�3��c/T �

1−�2

��T � ≡ 9�
T ��1−�2�3/2

�4��D/T �

� ≡ ��4�/��3�

At extremely low temperature, i.e., T � T �, �D/T � 1,
and thus �3 and �4 factors tend to unity. Therefore, we
have ��T � = 1/�1− �2� and ��T � = 9�/T ��1− �2�3/2,
and hence expression (36) reduces to

P = �1DL

[
T 3
el −T 3

ph

1−�2
+ 9�

(
T 4
el −T 4

ph

)
T ��1−�2�3/2

]
(37)

which reveals a crossover of the T 3 law for the temperature
dependence of the thermal power at low temperature.
In order to get some sense on the order of the

characteristic quantities, we take the corresponding mate-
rial parameters from those of a thin-walled hollow cylin-
der of metallic carbon.31,34, 35 They are the Poisson ratio
� = 0�186, the Young’s modulus E = 1050 Gpa, the mass
density �= 2�26 g/cm3, and the Fermi energy �F = 1�0 eV.
The calculated longitudinal sound velocity is vl = 2�19×
104 m/s, the parameter �1D = 1�08× 10−10 Wm−1 K−3,
and the crossover temperature T � = 24�6 K which is in the
temperature zone that the current technology can achieve.
Hence we expect the experimental observation of this
crossover phenomenon.

4. CONCLUSION

We have advanced a general expression for calculating
the thermal power transferring from 3-dimensional elec-
tron to any D-dimensional acoustic phonon subsystem.
It transfers the calculation of thermal power to the com-
putation of the strain-weighted DOS for phonon sub-
systems of any dimensionality. Employing this method,
we have investigated the hot-electron effect in free sus-
pended cylindrical nanoshells, in which electrons behave
three-dimensionally but phonons are confined to quasi-one
dimension. The temperature dependence of the thermal
power is obtained analytically, and the low-temperature
crossover from the T 3 to T 3/�1− �2�+ 9�T 4/�T ∗�1−
�2�3/2 dependence is also deduced. The result shows that
reduction of phonon dimensionality leads to weak tem-
perature dependence (smaller exponent) of the heat flux
between electrons and acoustic phonons.
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