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We give a general discussion of the problem of designing quantum logic gates for physical quantum computing architectures, and
explain the use of perturbation theory and the concept of local equivalence.

1 Introduction The problem of quantum gate de-
sign can be informally stated as follows: Given a physical
Hamiltonian

H(ξ1, ξ2, · · · , ξK) (1)

describing a pair of qubits (understood to be embedded in a
large array) with in-situ experimental control over param-
eters ξ1, ξ2, · · · , ξK , what trajectory of these parameters
leads to a desired unitary target? The Hilbert space has to
be specified of course, and if we let N be its dimension, we
have a control problem in U(N ). N isn’t necessarily equal
to 4 because sometimes it is convenient to use “non-qubit”
states, i.e., states that are not in the computational basis

{〈|00〉, |01〉, |10〉, |11〉}, (2)

to help implement the gate, but the U(4) case, where the
Hamiltonian can be written in terms of Pauli matrices and
their tensor products, will still have wide application. Ex-
amples where non-qubit states are used include the anti-
crossing of the computational |11〉 manifold with a non-
qubit state to generate a CZ gate [1], as well as the ap-
proach by Cirac and Zoller [2] to use ionic vibrational
modes to implement a CNOT gate for trapped ions.

The gate design problem can be regarded as an inverse
problem, where the forward or easy direction is the inte-
gration of

U̇ = −iH
(
ξ1(t), ξ2(t), · · · , ξK(t)

)
U (3)

with initial condition U(0) = I . There will be many solu-
tions to the inverse problem, so we have to pick the ”best”
one according to some criteria. For example, we will often

want to find a fast solution (see, for example, Khaneja et
al. [3]), but experimental simplicity and robustness (weak
sensitivity to control errors) are also important.

In the U(4) case the qubit-qubit interaction (in the basis
of eigenstates of uncoupled qubits) takes the form

δH ≡
∑

μ,ν=x,y,z

Jμν σ
μ
1 ⊗ σν

2 (4)

with Jμν a real-valued 3×3 tensor. Important special cases
of this include the Heisenberg interaction σ1 ·σ2, the XY
interaction σx

1σx
2 + σ

y
1σ

y
2 , and the Ising interaction σz

1σz
2 .

The problem of constructing a CNOT gate in the Heisen-
berg case, relevant for exchange-coupled electron spins,
was solved by Burkard et al. [4], and the Ising case is
known from NMR quantum computation [5]. However,
many architectures being considered for quantum compu-
tation involve qubits or qubits and resonators coupled by
more complicated and less symmetric interactions. Below
we will give a (perturbative) CNOT construction for the
general case (4).

We have defined the gate design problem above assum-
ing unitary evolution. Decoherence is of course present in
real physical implementations, yet it is still often conve-
nient to separate the fidelity loss caused by decoherence
from the intrinsic fidelity loss resulting from our failure
to reach the target Utarget exactly, because of errors intro-
duced by approximations such as perturbation theory (see
below). Other approaches, such as that of Refs. [6] and [7]
include decoherence at the outset, but require knowledge
of an accurate decoherence model.
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2 Perturbation theory One very important gate de-
sign tool is perturbation theory, which also includes ap-
proximations such as the RWA. In a wide variety of phys-
ical implementations the magnitude of the local single-
qubit control fields or the qubit-qubit interaction are small
compared with the typical qubit frequency, allowing the
Hamiltonian to be simplified (often after transforming to
a different representation). By construction, perturbation
theory will lead to gates that are slow in real terms (com-
pared to, say, nonperturbative designs with the same fi-
delity), but they are simple and intuitive, and are likely to
be very robust.

A wide variety of weakly coupled and rf-driven qubits
can be modeled by a Hamiltonian

H =
∑

i=1,2

(
−

εi

2
σz

i

)
+ Ω(t) cos(ε1t)σx

1 + δH, (5)

with δH given in (4). The Hamiltonian (5) is written in
the basis of eigenstates of uncoupled qubits with energy
level spacings εi. The εi are assumed to be experimentally
tunable. We have also included resonant rf control of qubit
1 with time-varying amplitude Ω (this will be sufficient
for what follows). The magnitude of the elements of Jμν

are assumed to be small compared with the εi. In a frame
rotating with the tuned qubits, the Hamiltonian reduces to

H ≈
Ω(t)

2
σx

1 + H, (6)

where

H ≡ J
(
σx

1σx
2 + σ

y
1σ

y
2

)
+ Jzz σz

1σz
2 + J ′

(
σx

1σ
y
2 − σ

y
1σx

2

)
.

(7)
Here

J ≡
Jxx + Jyy

2
and J ′ ≡

Jxy − Jyx

2
. (8)

In the computational basis,

H =

⎛
⎜⎜⎜⎝

Jzz 0 0 0

0 −Jzz γ 0

0 γ∗ −Jzz 0

0 0 0 Jzz

⎞
⎟⎟⎟⎠ , γ ≡ 2(J + iJ ′). (9)

To obtain (6) we have assumed that both Jμν and Ω are
small compared with the qubit frequency, and we have ne-
glected the resulting rapidly oscillating terms with vanish-
ing time-averages (the this is the usual rotating-wave ap-
proximation). Of the 9 coupling constants in δH , only 3
remain in H, making a general analysis possible. The first
two terms in (7) are symmetric under qubit-label exchange,
whereas the third term is qubit-antisymmetric and vanishes
when the qubit devices in question are identical (for exam-
ple, when applied to a pair of identical superconducting
flux qubits).

3 Local equivalence Another powerful design tool
is the concept of local equivalence [8,9]. Restricting our
discussion to the case of U(4), we face the challenge of
steering to a single point in the 16-dimensional group man-
ifold, or a 15-dimensional manifold if we consider SU(4).
This problem is vastly simplified in the common limit
where independent single-qubit operations

u ∈ SU(2)1⊗ SU(2)2 (10)

are fast and accurate, in which case any element in the “lo-
cal” equivalence class

{
upost Utarget upre

}
all upre and upost

(11)

will be just as effective as Utarget. The problem of gate de-
sign is now reduced to steering the system to any member
of the equivalence class (11) of the desired target.

Makhlin [8] has constructed an explicit formula for
3 quantities that are invariant under the pre- and post-
application of arbitrary SU(2)1⊗SU(2)2 operations, which
can therefore be used to characterize the space of all pos-
sible local equivalence classes of U(4). Two members U
and U ′ of U(4) are locally equivalent—related by local
rotations—if and only if their Makhlin invariants are iden-
tical, in which case we write U ∼ U ′.

Zhang et al. [9] have provided a powerful reformu-
lation of the local equivalence concept by using what
amounts to a “representation theorem” for U(4), which
says that any element can be written as

U = eiφ upost e−
i
2
(x σx

1 σx
2 +y σy

1 σy

2+z σz
1σz

2) upre, (12)

for some local SU(2)1⊗ SU(2)2 rotations upre and upre,
real-valued parameters x, y, and z, and some phase φ. This
formula can be derived by using a Cartan decomposition of
the Lie algebra su(4), the algebra of the generators of the
unitary group. The central component

Uent ≡ e−
i
2
(x σx

1 σx
2 +y σy

1 σy

2 +z σz
1σz

2 ) (13)

in (12), which has the geometrical structure of a 3-torus,
evidently characterizes the nonlocal or entangling part of
the operation. When restricted to a certain (almost) tetrahe-
dral region—a Weyl chamber—the angles x, y, and z are
in one-to-one correspondence with the Makhlin invariants,
leading to a beautiful geometric classification of the local
equivalence classes.

4 CNOT with weakly coupled qubits In unpub-
lished work we have used perturbation theory and the con-
cept of local equivalence to design a CNOT gate for weakly
but otherwise arbitrarily coupled qubits with interaction
(4). Zhang and Whaley [10] have also addressed the gen-
eral problem of two-qubit gate construction using similar
methods applied to a variety of coupled-qubit models, but
focused on steering with continuous rf control. One of us
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has also previously investigated steering with constant ap-
plied rf [11,12].

The complete pulse sequence we derive is

CNOT = ei( 3π
4

)Rz

(
π
2

)
1
Ry

(
− π

2

)
1
Rx

(
− π

2

)
2

× Rz

(
− ϕ

)
2
Uint Rx

(
π
)
1
Uint Rz

(
ϕ
)
2
Ry

(
π
2

)
1

(14)

where
Uint ≡ e−iHΔt, (15)

with
Δt ≡

π

8
√

J2 + J ′2
. (16)

Here Rμ(θ)i ≡ e−i(θ/2)σμ

i is a μ rotation on qubit i.
ϕ ≡ arg γ is the phase of the complex matrix element γ
defined in (9), and we note that apart from these z rota-
tions, the local rotations needed to obtain the CNOT are
independent of the parameters J , Jzz , and J ′ character-
izing the Hamiltonian H. The construction (14) is simple
to implement and applies to a wide variety of coupled
qubit models.
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