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Abstract

Recent experiments motivated by applications to quantum information processing are probing a new
and fascinating regime of electrical engineering—that of quantum electrical circuits—where macroscopic
collective variables such as polarization charge and electric current exhibit quantum coherence. Here
I discuss the problem of constructing a quantum mechanical Hamiltonian for the low-frequency modes
of such a circuit, focusing on the case of a superconducting qubit coupled to a harmonic oscillator or
resonator, an architecture that is being pursued by several experimental groups.

1 Quantum gate design

In the quantum circuit model of quantum information processing, an arbitrary unitary trans-
formation on N qubits can be decomposed into a sequence of certain universal two-qubit
logical operations acting on pairs of qubits, combined with arbitrary single-qubit rotations
[1]. The purpose of quantum gate design is to develop experimental protocols or “machine
language code” to implement these elementary operations.

For quantum information processing architectures based on superconducting circuits [2, 3],
the first step is to construct an effective Hamiltonian for the system. Whereas the fully
microscopic Hamiltonian for the electronic and ionic degrees of freedom in the conductors
forming the circuit is known, at least in principle, the Hamiltonian of interest here describes
only the relevant low-energy modes of that circuit.

A rigorous construction might involve making a canonical transformation from the mi-
croscopic quantum degrees of freedom to a set of collective modes. Here I follow a simpler
and more intuitive phenomenological quantization method, whereby a classical description
based on Kirkoft’s laws is derived first, and then later canonically quantized. It is impor-
tant to realize that such an approach is not based on first principles and must be confirmed
experimentally.

2 The phase qubit

The primitive building block for any superconducting qubit is the Josephson junction (JJ)
shown in Fig. 1. The low-energy dynamics of this system is governed by the phase difference ¢
between the condensate wave functions or order parameters on the two sides of the insulating
barrier. The phase difference is an operator canonically conjugate to the Cooper-pair number
difference N, according to!

o, N] =i, (1)

The low-energy eigenstates ¢, () of the JJ can be regarded as probability-amplitude distri-
butions in ¢. As will be explained below, the potential energy U(p) of the JJ is manipulated
by applying a bias current I to the junction, providing an external control of the quantum

IWe define the momentum P to be canonically conjugate to ¢, and N = P/h. In the phase representation, N = —i%.
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Figure 1: Circuit model for a current-biased JJ, neglecting dissipation. Here o = 1/2e.

states ¥, (@), including the qubit energy-level spacing e. The crossed box in Fig. 1 repre-
sents a “real” JJ. The cross alone represents a nonlinear element that satisfies the Josephson
equations?

I =Iysiny and V =ap, (2)

with critical current I,. The capacitor accounts for junction charging.® A single JJ is
characterized by two energy scales, the Josephson coupling energy

hi
Ey=— 3
DY )
where e is the magnitude of the electron charge, and the Cooper-pair charging energy
(2¢)”
E. = , 4
50 (4)
with C' the junction capacitance. For example,
320 neV
Ej =2.05meV x [y|uA d FE.=——F, 5
J me O[M ] an C[pF] ( )

where Iy[A] and C[pF] are the critical current and junction capacitance in microamperes
and picofarads, respectively. In the regimes of interest to quantum computation, Ej and E.
are assumed to be larger than the thermal energy kg1’ but smaller than the superconducting
energy gap Ag., which is about 180 ueV in Al. The relative size of Ey and E, vary, depending
on the specific qubit implementation.

The basic phase qubit considered here consists of a JJ with an external current bias, and
is shown in Fig. 2. The classical Lagrangian for this circuit is

Ly = sMp*—U M= - (6)
nEEE T T 2R,
Here I
U=—E;(cosp+sp), with s= T, (7)
0
2a = h/2e.

3This provides a simple mean-field treatment of the inter-condensate electron-electron interaction neglected in the standard
tunneling Hamiltonian formalism on which the Josephson equations are based.
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Figure 2: Basic phase qubit circuit.
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Figure 3: Effective potential for a current-biased JJ. The slope of the cosine potential is s. The potential is
harmonic for the qubit states unless s is very close to 1.

is the effective potential energy of the JJ, shown in Fig. 3. Note that the “mass” M in (6)
actually has dimensions of mass x length® The form (6) results from equating the sum of the
currents flowing through the capacitor and ideal Josephson element to I. The phase qubit
implementation uses Fj > F..

According to the Josephson equations, the classical canonical momentum P = g—fb is pro-
portional to the charge Q or to the number of Cooper pairs Q/2e on the capacitor according
to P = hQ/2e. The quantum Hamiltonian can then be written as

Hy; = E.N? 4+ U, (8)

where ¢ and N are operators satisfying (1). Because U depends on s, which itself depends
on time, Hjjy is generally time-dependent. The low lying stationary states when s < 1 are
shown in Fig. 4. The two lowest eigenstates |0) and |1) are used to make a qubit. € is the

level spacing and AU is the height of the barrier.
A useful “spin %” form of the phase qubit Hamiltonian follows by projecting (8) to the

qubit subspace. There are two natural ways of doing this. The first is to use the basis of the



Figure 4: Effective potential in the anharmonic regime, with s very close to 1. State preparation and readout
are carried out in this regime.

s-dependent eigenstates, in which case
=—— 0, (9)

where

wp = wpo(l — s2)i  and wpo =V 2E.Ej/h. (10)

The s-dependent eigenstates are called instantaneous eigenstates, because s is usually chang-
ing with time. The time-dependent Schrodinger equation in this basis contains additional
terms coming from the time-dependence of the basis states themselves, which can be cal-
culated in closed form in the harmonic limit [4]. These additional terms account for all
nonadiabatic effects.

The second spin form uses a basis of eigenstates with a fixed value of bias, sy. In this
case

where

(=1ly(1—50)"% and (= (QE) y (12)
E;

This form is restricted to |s — so| < 1, but it is very useful for describing rf pulses.
The angle ¢ characterizes the width of the eigenstates in . For example, in the s¢-
eigenstate basis (and with sq in the harmonic regime), we have

© = @o10” +arcsin(sg) I,  with @ = (m|p|m’). (13)

Here ¢, is an effective dipole moment (with dimensions of angle, not length), and o =

N
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Figure 5: Circuit model for a superconducting qubit coupled to a parallel LC oscillator.

3 Qubit-oscillator models

Circuit diagrams for an rf squid capacitively coupled to parallel and series LC oscillators
are shown in Figs. 5 and 6. ®, is an external flux bias, and ¢ is the phase difference across
the JJ (the phase of the ungrounded superconductor relative to the grounded side is ).
Quantization of the total magnetic flux ® in the squid loop leads to the condition (in cgs

units)

© hc
b=, —cLl =, —, b, = — 14
¢ 2T 2e ( )

where [ is the current flowing downward through the Josephson junction, related to ¢ by
aCp+ Iysing = 1. (15)
Here C' and I, are the usual JJ capacitance and critical-current parameters, and

1
2¢’

a (16)
The minus sign in (14) reflects the diamagnetic (for 0 < ¢ < 7) screening by the supercon-
ducting loop. The quantization condition (14) assumes an isolated squid (specifically, that
no current is being provided by the coupling capacitor). In Figs. 5 and 6 the voltage across
the JJ is

V = agp. (17)

3.1 JJ coupled to parallel LC oscillator

Referring to Fig. 5, the equations of motion for ¢ and ¢ are

2 .. . O4(1)50 O4(I)ext Cint .
C+Cn)@+ E - e 18
(€ + Ciue) @+ Eysing + o= — —— e 4 (18)
and
Cie \ .
Losc <1 + COSZ)q + CZSC = OKLOSCCintSO- (19)
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Figure 6: Circuit model for qubit coupled to series LC oscillator.

. . L. . . . . . 1. dm
Surpr71lsmg1y, it is not possible to find a Lagrangian (local in time and a polynomial in %72
and %) that gives these equations of motion. To proceed, we make a transformation from

¢ to a dimensionless node-flux variable ¢, defined as

o) = o [ awyar, (20

use q = aCOSCé, and integrate the equation resulting from (19) over time. This leads to the
coupled equations

2 2 2 .
Q2(C + Coi)$ + Eysin o + %tp - Wz‘ L = 02Cid (21)
and
. a2
052(0050 + Cint>(r/) + L ¢ = O‘2Cint¢ + COI’lSt, (22)
where o
T = CI)X (23)

is the dimensionless flux bias. The integration constant in (22) acts as an applied static force
and can be dropped (corresponding to a shift in ¢). Note the symmetry in the cross-coupling
terms on the right-hand-sides of (21) and (22).
A Lagrangian leading to (21) and (22) is
a?C a? 9 a?C - a?

L=—¢*+E — —(p—2 2
P* 4+ Ejcos (¢ —2mz)” + 5 ¢ T

; oL 0" = a*Cm . (24)

The simple capacitance renormalizations C' — C'+ Ciy and Coge — Coge + Cing present in (21)
and (22) have been ignored here but can easily be accounted for below. The velocity-velocity
coupling in (24) will lead to a oJo¥, interaction term in the Hamiltonian.

The canonical momenta are

Py = angb — Oé2Cint¢ and Py = 042005,3@5 - OﬂCintSb- (25)

6



The velocities in terms of these momenta are

o C1osc pgp + C1imt D¢ CYint pcp + Cp¢

— d ¢= : 26
(CCn—2) ™ T PCCw— ) 20
Quantization then leads to

H=p,p+psd—L=Hy,+ Hy+ 6H, (27)

where [p, p,| = ih, [¢, py] = ih, and

Cint

0H = . 28
a?(CCosc — Ci2nt) Pebo (28)

Typically Ciny < v/CCos, allowing the C2

2 in the denominator to be dropped. Furthermore,

2

H¢:ECN2—EJCOSQO+;—L(QO—27T1’)2 (29)
and ) ) s
by o0 (30)

¢ - 2a2COSC 2[/OSC

The kinetic energy in Hy is electrical in origin and the potential energy is magnetic. The
strength of quantum fluctuations is characterized by the dimensionless quantity

/ h
€¢ = m. (31)

Finally, I simplify (28) by projecting the squid and oscillator into their {|0), |1) } subspaces.
Then

h pore oY

2FE, ’

where @g; = (0|p|1) is the JJ dipole moment and € = €; — ¢ is the qubit level spacing (both
calculated in the absence of coupling to the oscillator). To obtain this result I have used the
identity [p, H,| = 2iE.N, allowing us to relate momentum and dipole matrix elements. The
oscillator momentum operator projects similarly,

Py — (32)

N v, 33
Dy \/§£¢ 9 ( )

Then we obtain [dropping the C?2, in the denominator of (28)]

0H = gofoY,,  (parallel circuit) (34)

where

72 Oy por€ 1 <Cint) (ﬂ%l)e. (35)

9= 2\/§ Oé2CCOSCEC£¢ - 5 C1050 €¢

Note that in the harmonic junction limit, po; = £,/ V2, with {, the width of the wave
functions in the junction.



3.2 JJ coupled to series LC oscillator

Referring to Fig. 6, the equations of motion are

2 2 2
a’Cp+ Eysing + —¢ — e —aq (36)
L L
and, assuming Ci,; # 0,
. q .
LOSCq + C/ = a@? (37)

osc

where C! . = (C;.1+C;.1) ™. Note that the capacitance Cj,; does not enter the cross-coupling
terms on the right-hand-sides of (36) and (37). This is an indication that the qubit-oscillator
coupling in this system is nonperturbative: The limit Cj,; — 0 differs from the case Cj; = 0,
and there is no small parameter associated with the interaction. A Lagrangian leading to

(36) and (37) is*

OKZC . 052 2 Losc . .
L:T 2+EJcos<p—ﬁ(gp—2mc) + 5 q2—20/ ¢+ agq. (38)
The canonical momenta are

Py = Oﬂo@ + aq and Pq = Loscda (39)

leading to the quantum Hamiltonian

(p, — aq)? o’ 2 P ¢

H="* __*Y _F —(p —2 1 40
2502C Jcosso—l-QL(@ 7rx) +2Losc+2C, (40)

osc

The squid sees the oscillator as a source of vector potential A < agq, whose time derivative
describes an effective electric field. Noting that the “diamagnetic” A2 term serves to further
decrease the oscillator capacitance, I obtain

H=H,+ H,+6H, (41)

where H, is the oscillator Hamiltonian

Hy=— : U fa+ 1 = !
"= o Taor T Wosc (a a+ 2), Wose = Lol (42)
where
Cooe = (Cot + O+ C) (43)
- 5H = —Led (44)
aC

is the qubit-oscillator interaction.
In the {|0), |1)} subspace of the series oscillator,

14
qg— 0" (45)
)
V2
4An alternative form for L has an interaction term §L = —a pq.
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Figure 7: Capacitively coupled qubits.

where
h
b, = .
LOSC wOSC
Then we have
0H = —golol,.,  (series circuit)
where
_ 30016(]

="—"e¢.
g 2v/2¢e

(46)

(47)

(48)

Note that there is no factor of Ciy/Cosc here. The coupling constant (48) is small (much
less than the qubit level spacing €) only if the quantum fluctuations in both the squid and

oscillator are small.

3.3 Relation to capacitively coupled qubits

It is useful to compare the result for the qubit—parallel-LLC system to a pair of capacitively

coupled qubits. Referring to Fig. 7, the equations of motion are

042

&*Clp1 + By sin ) + L—(gol —2711) = a*Ciny P2
1
2, - . sz 2 .
a”Cype + Ejgsin g + L—(<P1 —275) = o Cinepr,
2

where

C! = C; + Ci, (i=1,2).

The Lagrangian for the coupled system is

L:Xi:[

leading to the Hamiltonian

(%’ - 27T$i)2 — aCinep1$2,

a2cv( ) 2
Lo + By i
5 p; + Ly cosp 5L,

40t + C1p3 + 2Cimpi1ps

H p—
202(C1C — CZ,)

9

(49)

(50)

(51)

(53)



In the 2-qubit subspace the interaction Hamiltonian is 0 H = go{oy, where

1 2 1 2
_ Cintsply 057 Ve _ 1 G V20 \ (V2000 [ €D [ €@ VeDe®,  (54)
g 4¢? 20,0, |\ 6@ I8 hw® \ 7w '

Here w is the classical oscillation frequency of the JJ, and ¢ = /2E./hw is the associated
wave function width. The factor in square brackets is unity for JJs in the harmonic limit. If
we now assume identical junctions, with the second biased in the harmonic regime so that
it is similar to an oscillator, then after some rearrangement we obtain

1 C’in \/i (v
- 5( Ct) ( 6(320)01 )6(1)’ (55)

which corresponds precisely to (35).

4 Qubit coupled to electromagnetic resonator

I now consider an rf squid coupled to a coplanar waveguide resonator. The charge qubit case
has been addressed by Blais et al. [5]. A simplified form of the system layout is shown in
Fig. 8. The squid has been discussed in Sec. 3. The coplanar waveguide resonator consists
of a conducting strip of length d and width w, capacitively coupled to rf transmission lines.
Fig. 9 shows a hybrid circuit model for the system, where the resonator is described at the
level of microscopic electrodynamics and the squid is in the usual lumped circuit limit. The
geometry considered also allows for the position zy of the qubit along the resonator to vary;
2o = 0 is the case shown in Fig. 8.

The system Hamiltonian is derived in two different ways. The simplest is to treat the
resonator in the continuum limit, the approach followed in Sec. 4.2. However, for numerical
simulations the discrete LC ladder model of the resonator used in Sec. 4.3 is preferable. Both
models lead to the Hamiltonian and coupling constant given below in (56) and (57).

4.1 Summary of results and mapping to qubit-oscillator

I will show below that after projection into the qubit subspace of the squid and the vacuum
and 1-photon subspace of the fundamental mode of the resonator, the interaction Hamilto-
nian for the system shown in Fig. 9 is

6H = goloy, (56)
where
g = cos (WTQDO) CintQOOl \% hwres c
2e\/Cd
The subscripts ¢ and ¢ refer to the JJ phase and oscillator node-flux degrees of freedom,
respectively (it will be necessary to distinguish between matrix representations of the oscil-

lator variables written in different bases). In addition, Cj, is the coupling capacitance, o
is the squid dipole moment,

(57)

™

i (58)

Wres =

10



Figure 8: Superconducting qubit coupled to coplanar waveguide resonator. The inner regions represent the
resonator and capacitively coupled rf transmission lines. The wide outer regions are ground planes.

is the angular frequency of the fundamental mode of the resonator, written in terms of the
transmission line wave speed

vV=4/—— (59)

L and C are the inductance and capacitance per unit length of the coplanar waveguide, d is
the resonator length, and € is the qubit energy level spacing. On resonance we have € = Aw,e.

The coupling constant quoted in (57) assumes two conditions on the allowed values of Ciy.
First, C}; must be much smaller than the JJ capacitance C. In particular, the calculation
is done to leading nontrivial order in the parameter Cj,/C. This is the usual condition for
weak coupling, and it is easily satisfied experimentally. The second condition on Cjy, is more
restrictive and arises because of the modification of the resonator modes themselves by the
attached squid. This modification depends on both Ci, and on the size of the attachment
point of the lumped part of the circuit to the microscopic continuous part, and is denoted
by b in Fig. 9. In the design of Fig. 8, b is just the resonator width w. The condition that
the qubit couples to modes of the isolated resonator requires that Cj,; be much smaller than

C* = Cb, (60)

which can be interpreted as the capacitance “under” the attachment wire. If C},; is not much
smaller than C*, then the resonator modes the qubit couple to are themselves nontrivially
modified by the coupling to the squid, and the coupling constant (57) is modified.

The Hamiltonian (56) can be mapped to a qubit coupled to a single parallel LC oscillator.

11



Figure 9: Hybrid circuit model used to construct Hamiltonian. The qubit is coupled via a capacitance Cipt
to a resonator of length d at a distance zy from the end; the layout of Fig. 8 corresponds to xg = 0. The
width of the resonator is w. The ground planes are not shown and the figure is not to scale. Coupling to
transmission lines is ignored. The diameter of the wire connecting Ciy to the resonator also enters the model
and is denoted by b.
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To do this, define an effective oscillator inductance and capacitance

2 1
L = — Ld and Cug = §Cd. (61)
Note that the oscillator frequency
1
62
LCHCCH ( )

implied by these effective quantities is equal to the actual fundamental mode frequency (58),
as expected. In terms of Loy and Ceg we can write (57) as

cos(T20) (O \ (V2 001 . /| h (éeQ )
= th b =\ ———— = || =Z-.
g 2 (Ceff ) ( Eeff © A ! azceff Wres hwres

When zy = 0, this expression has precisely the form for coupling to a parallel LC oscillator
with inductance L.g and capacitance Cig.

The second expression for lu in (63) emphasizes that it is a dimensionless measure of
the electric field energy in an LC oscillator. In the quantum description of a squid coupled
to an parallel LC oscillator, the relevant oscillator degree of freedom is a node-flux variable,
and in the node-flux representation the kinetic energy term in the Hamiltonian is electric in
origin. Thus, f.¢ is also a dimensionless measure of the quantum zero-point motion in the
fundamental mode of the resonator.

4.2 Continuum resonator model

The resonator lies on the x axis with its left end at the origin. Referring to Fig. 9, let p(x, t),
I(x,t), and V(z,t) be the charge per unit length, the current in the x direction, and the
electric potential on the resonator, and let £ and C be the inductance and capacitance per
unit length of the coplanar waveguide.

The equation of motion for an infinite waveguide follows from the inductance equation

0,V + Lo =0, (64)
the capacitance equation
p=CV, (65)
and the continuity equation
op + 0.1 =0. (66)
These lead to the wave equation
(8152 - Uzai)p =0, (67>

with velocity given in (59). The potential V' and current [ satisfy identical wave equations,
but these will not be needed here.

A finite segment of waveguide—a resonator—satisfies the wave equation (67) together with
the boundary conditions that I = 0 at the ends. Using (64), we see that these boundary
conditions require d,p (or 0,V') to vanish at the ends, leading to charge (or voltage) antinodes
there. I also assume that the resonator carries no net charge, so that

/Oddxp = 0. (68)

13



The charge density eigenmodes are

fn(x)z\/gcos <nf7;x)’ n=1223,..., (69)

the n = 0 mode excluded because of the charge neutrality condition (68). These satisfy the
orthonormality condition

d
J (70)
0

The mode angular frequencies are
Wp = ——. (71)

Below we will primarily be interested in the fundamental mode, n = 1, with the frequency
given in (58).

To derive a Hamiltonian for the system shown in Fig. 9, it will be necessary to account
for the finite width b of the wire connecting the resonator to the coupling capacitor. In the
actual device, b is equal to the width w of the waveguide, but in future designs these may
differ. The finite width of the wire smears the squid-resonator interaction over a region of size
b. I account for this by introducing a broadened delta function A(x) of width b, satisfying

d
/d:BA(x—:Eo)zl, b<zg<d—b (72)
0

The actual shape of A is determined by the microscopic current density at the squid-resonator
junction. However, for definiteness I assume a square shape

A@E&‘ﬂﬁ

0 |z| > (73)

NS oo

Because the wavelengths of the modes of interest here are much larger than b, the detailed
shape of A(z) should be irrelevant as long as A(x) is everywhere finite. In particular, it is
not possible to take the b — 0 limit, where A(z) becomes a delta function, as 6(0) diverges.

To find the equations of motion for the system of Fig. 9, let ¢y, be the charge induced
on the upper (resonator side) plate of the coupling capacitor. We take the fundamental
degrees of freedom of the circuit to be the JJ coordinate ¢ and the resonator density field
p(x), suppressing the time argument in all quantities when not necessary. In terms of these

degrees of freedom,
5(x ‘
Gint = Cint |ip(CO) - O‘QO:| ) (74)

where
fla) = [do' A ) 5(@) (75)
denotes the average of a quantity f(x) over a width b, and

13
2e’

«
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The equation of motion for ¢ is

5 o? P,
a”Co+ Eysing + o —2m = & Gint, (77)
qu (bsc
where h
c
sc = o 78
5 (78)
is the superconducting flux quantum and ®, is the external magnetic flux. Then
2 ) G
o*C'p + Eysin g + g (ap — 27rq>x) =a ént Oip(xg), C'=C + Ciy. (79)
sq sc

The equation of motion for the charge density can be obtained by modifying the continuity
equation (66) to account for the current drain to the squid. It will be necessary to account
for the finite width of the wire connecting the resonator to the coupling capacitor. Then

(%p + &C[ = —A(Zlf — ZIZ'Q) Qint' (80)

The sign on the right-hand-side of (80) assures that the resonator sees the current ¢, flowing
downward through the coupling capacitor as a current sink. Combining (80) with (64) and
(65) leads to

%Qﬂp = aCin C Az — 19) ¥,

To obtain (81) I have used the fact that (for the modes of interest) p is slowly varying on
the scale b, so that A(z — x¢) p(zo) = A(x — o) p(x).

As with our earlier investigation of a squid capacitively coupled to a parallel LC oscillator,
there is no time-local Lagrangian that gives the equations of motion (79) and (81). To
proceed, make a transformation from p to a dimensionless node-flux field

[C'(z) 07 — C'(x) =C+ A(r — x0) Cing.- (81)

b, 1) = a—lc / " plet) (82)

— 00

and integrate the equation resulting from (81) over time. This leads to the set of coupled
equations

2 d, _
o*C'p + Eysing + g (g@ - 27?(1) ) = Gy 07 d(20) (83)
sq sc
and
a*(C'0F — £ 02)p = o Cine Az — 20) (84)

dropping an arbitrary constant of integration. A Lagrangian for the coupled system is

o2C’ o? P, \?
L = P2+ E — — 22—
5 ©°+ Ejcosp 2qu <go W(I)SC)

d 26/ 2 d
+ /0 dx {0‘2 (8t¢)2—§—£(8x¢)2} - /0 dz 02Cie ¢ Az — 20) Dyp(z).  (85)
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The canonical momenta are
P = 0420/@ — ozzCint 8t(5(l’0) (86)

and

I(z) = o®C(z) 0yp(x) — a®Cing @ A(x — 10). (87)

Note that the resonator momentum density II(x) is a field; it depends on z. The velocities
in terms of these momenta are

C' (o) p + Cing ()

? = 200 () — CLA0)] (83)
e M(x) . CulC/(0) p + Con ()] Al — 30)
_ x int[C' (o) P + Cing 11(T0 T — Zo
W)= ety T 0@ O ) - CRAD] )
The Hamiltonian is
H:pgb+/da:H8t¢—L:H¢+H¢+6H, (90)
where ¢/ (o) )
To)P
H, = 1
¢ = 2a2(0C () - OB, A)] T V) 1)
with , )
«o b,
U(p) = —FEjcosp+ T (gp — QWCI)SC) , (92)
d I12 a?(0,0)? C? [ﬁ(xo)]2
H = x int
o /0 da {20420 HYs } T 5020 () [C'C () — CZ. AO)] (93)
and
§H = G I1(0) (94)
~ aF[CC' () — O A()]
Quantization leads to the conditions
lo,p] =ih  and [¢(x), H(:c’)] = ihd(x — ). (95)

Next we make two approximations concerning the value of the coupling capacitance Ciy,
namely

Cint < C and Cint < C*, (96)
where C'is the JJ capacitance and C* is defined in (60). With these assumptions the system
Hamiltonian simplifies to

Cint
a?CC

Here N' = p/h and E, = 2¢*/C. The Hamiltonian density

_ P a®(0.9)°
The =506 ¥ o (98)

H=EN?*+U(p)+ /dm Hores + pIL(z). (97)
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in (97) now describes an isolated resonator. The averaging over II(z() in the interaction
term has been dropped, as it is assumed that we will use (97) only for resonator modes with
wavelengths much larger than b.

The equation of motion resulting from (98) is the operator wave equation (92 —v?9%)¢ = 0,
with velocity given in (59). According to (82), the boundary conditions on ¢ are that d,¢ = 0
at the resonator ends. Therefore, the charge density eigenfunctions defined in (69) can be
used here as a basis in which to expand the node-flux field ¢ and its conjugate momentum,
as

80) = Y\ 5 i) [an + o] (99)
and .
M(z) = —i Y 4/ % (Z“"" Ful2) [an — al]. (100)

Here a, and a! are bosonic creation and annihilation operators, and f,(z) and w, are the
resonator eigenmodes and frequencies given in (69) and (71). These expansions neglect
additive “zero-mode” contributions that are necessary for (99) and (100) to satisfy the second
commutation relation in (95), because the eigenfunctions (69) do not themselves form a
complete basis, but the zero-mode contributions have no effect here. Using (99) and (100),
along with the orthonormality conditions (70) and the additional identity

d 2,2
[ o @) £w) = 6 T (101)
0
leads to the expected result
H.. = /dx Hies = Z hw,, alan. (102)
n=1

By retaining only the n = 1 fundamental-mode term in (100), projecting the squid mo-
mentum into the qubit subspace according to

_ hyoe

1
SF, o?, (103)

and projecting the resonator fundamental mode into the ground and one-photon subspace
according to

a1 —al = ioY, (104)

the interaction term in (97) can now be written as (56) with the coupling constant given in
(57).

The xy — 0 limit of (57) has to be taken carefully because of our smearing of the qubit-
resonator contact point. The derivation above assumes that xg > b, so the zo — 0 limit
should really be implemented by setting xy — b. However, because b < d we can ignore this
technicality and let zp = 0 in (57).
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Figure 10: LC network model of the qubit-resonator system. The ladder has N inductors Iy and N + 1
capacitors cg.

4.3 LC network resonator model

A discrete network model of the qubit-resonator system is illustrated in Fig. 10. The res-
onator is modeled as an LC ladder with N inductors [y and N 4 1 capacitors ¢y. The size of
each cell is

(105)

d
a J—
N’

and
lo=La and ¢y =_Ca, (106)

with £ and C the inductance and capacitance per unit length of the physical waveguide.
In the continuum limit used below, we let N — oo with d held fixed. This system has N
independent resonator degrees of freedom, which I take to be the charges {qi,qo,...,qn},
and one squid degree of freedom (. The charge g, on the resonator side of the coupling
capacitor is fixed by charge neutrality to be

Gt = —(q0 + 1 + -+ qn), (107)

and by using the relation ¢,y = Cine(L — ), go can be written in terms of the other degrees

o
of freedom as

Cintd —
go = 2mt¥ (qll:&Jr aw), (108)

co

The equation of motion for ¢ is

) a? o,
a“Cy+ Eysinp + =27 = A (int, (109)

qu (bsc

or
2
2 - . « P, aCiyt . . .

C'3+F —9 — it : 110
aC'p+ JSlng0+LSq(<p W(I)SC) o0t Co (1 +do+---+dn) (110)

18



with

C'=

CYint
1 4 Cne’

co

C+

The equations of motion for the LC ladder are

. . @@t tan aCing
lo(Gi+ - +in) + =+ =
0 (4 ) Co co + Cing CO_I'Cint(p
lo (G2 + -+ ) + 22 =0,
0
lo(Gs+ - +iy) + B2 _
Co
lo (Gn—1 + dn) + -1~ N2 _ 0,
Co
loijN-l-qN_qN_l _—
Co

Next transform to N “polarization” variables w;, defined by

N
w=-> ¢, j=12...N.
n=j

The inverse relation is

In particular,

Uy =

Uy =

UN-1

and

q1
q2

gN-1
gN

—(g1+ g+ +an)
—(g2+ g5+ +qn)

_(QN—1 + QN)
—d4n
Uy — U1
U3z — Uz

UN-—1 —UN-1

—UnN-
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(112)

(113)

(114)

(115)
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In the continuum limit, the charge density is

p(x) = dpu(z),

which is why the u; can be regarded as discrete polarization variables.

(117)

In terms of these polarization variables the equations of motion (110) and (112) are

2 iiJ C;
a’C'¢ + Eysing + a (go — 27T—X) i

qu (I)sc Co + C'1nt
and
Inii Uz — UL Uy - a Cing
oUr — = ——
Co co + Cing co + Cint
. usz — 2ug + uy
lptig — —— = 0,
Co
. Ug — 2us3 + Us
lptis — ————= = 0,
Co
. uny — 2un_1 +Un_2
lotin_1 — = 0,
Co
. —2uN + Uun_1
l() uyNy — ——— = 0.

Co

A Lagrangian for this coupled system of equations is

20/ lo i ULU + UU3z + + + + UN_1UN
L _ 2 J
2 )+ z (g -2+ S
U%( 1 ].) OéCint .
| — =) - —Z=—Yuy,
2 \c+Ciny ¢ co + Cin 2

with U(p) defined as in (92). The canonical momenta are

oL 2 « Cint
— Ol D U
8(,0 4 co + Cint !

and

Finally, the Hamiltonian is

where

90 20&26'/ + U(S0)>

i g + Uz + - un—1Uuy N u_f
2[0 Co 017

J=1

H,
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(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)



with 26" Cine)?
coC'(co + Cing
C, = 126
! Cint[coCint — (co + Cint )] (126)

and
Cint

0H =
aC'(co + Cing

)Pul- (127)

(" is defined in (111).

In addition to the expected squid-resonator interaction term 0H, the resonator is itself
modified by its coupling to the squid. That coupling results in an additional charging
energy u?/Cy at the position where the squid is attached, modifying the resonator modes.
There is also an additional capacitive loading of the squid, as described by the renormalized
capacitance C'.

Now we assume

Cint < C and Cint < . (128)

The second condition in (128) is perhaps counterintuitive, because in the continuum limit
one would expect ¢y to vanish. However, there is a restriction on how small a can be for the
network of Fig. 10 to describe a system with an extended squid-resonator contact region.
Because the squid in Fig. 10 is electrically contacted to only a single cell of the network, we
must require

a > b, (129)

which implies [see (60) and (106)] the relation C* < ¢y. The requirement that Ciy < C*
therefore leads to
Cint < ("< Co, (130)

and hence to the second weak-coupling condition of (128).
With these assumptions the system Hamiltonian simplifies to

p ' ULU2 + UU3 + -+ + UN_1UN Cint
H=FEN?*+U(p § J — . (131
" <2l0 i ) co *aCq P U

In this weak coupling limit, the squid couples to the modes of the isolated resonator.
The Lagrangian for an isolated resonator ladder in the polarization representation (120)

is
ZO 22
Lros = 5 Z U, 260 Z UZKZ_]U‘]7 (132)

where
2 -1 0 0 0 0 0
-1 2 -1 0 0 0 0
o -1 2 -1 0 0 0
K= : (133)
0 0 0 o --- =1 2 -1
0 0 0 o --- 0 -1 2

is an Vx/N matrix that can be recognized as a finite-difference representation of the operator
—02, truncated in a manner consistent with the continuum boundary conditions (when acting
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on an eigenfunction). We wish to transform to a set of uncoupled generalized coordinates
&n. Let the fi(") [not to be confused with (69)] be the eigenvectors of K,

K =\t gn), (134)

with n labeling the eigenvectors, the fundamental mode being denoted by n = 1. Because
K is real and symmetric, its eigenvectors can be chosen to satisfy

Z fi(n)fi(n’) — 6, and Z fz‘(n)fj(n) = dyj. (135)

(3

Now we expand the polarization vector in this basis,

ui=» & f", (136)

and obtain

Le=Y"(lg one (137)
res - 2 n 260 n Y

which describes independent harmonic oscillators; these are the eigenmodes of the resonator.
The resonator frequencies are related to the eigenvalues A according to

A
=/ 1
w v (138)

The fundamental mode solution of (134) can be found exactly. It is

f,-:Asm<NZil), i=1,2,... N. (139)

Here

A= {ism%ﬁl)} o (140)

_T_

is a normalization constant. The lowest eigenvalue is A = 2[1—cos(+2= )], and the fundamental-

N+1
mode frequency is
2 . ™ (141)
w= sin| ——1|.
vV l(]CO 2(N + 1)
In the continuum (large N) limit,
T
= 142
w d Y ( )
in agreement with (58), and
2
A=4/—. 143
2 (143

Keeping only the fundamental mode and quantizing leads to

_ bl

s = — + —&2 144
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where p¢ is the momentum conjugate to {. Expanding in bosonic creation and annihilation

operators then leads to
h
19 ”2l0w [a+a}, (145)

and
H,. = hwa'a. (146)
In this representation the interaction is
Cint f1 ) s
0H = =A . 147
Sllpe fi=dsin 57 (147)

After projecting the squid momentum into the qubit subspace according to (32), and pro-
jecting the resonator fundamental mode into the ground and one-photon subspace according

to
[ h
— 4 —0" 14

0H = golo,

u’

we obtain the interaction
(149)

with a coupling constant ¢ that can be shown to be identical to (57) in the continuum limit.

4.4 Relation between node-flux and polarization representations

The result (149) appears to differ from (56), but these are written in different bases. In (56),
the resonator degree of freedom has been expanded in a basis of eigenstates of node-flux,
whereas in (149) a basis of polarization eigenstates is used. Because the transformation
between node-flux and polarization is nonlocal in time, the connection between these bases
is nontrivial.

Before proceeding, it is interesting to note that (149) and (56) are unitarily equivalent:
They have the same spectrum and are therefore related by a unitary transformation. From
this point of view it is natural to suspect that they are matrix representations of the same
operator written in different bases.

To understand the relation between these representations, return to the description of
the continuous isolated resonator in the node-flux representation. Keeping only the n = 1
fundamental mode terms in (99) and (100), they may be written as

/| h
o(z) =X fi(z), X = 20°Coone [Ch + CLH, (150)

I(z) =P fi(z), P= —u/% [a1 — al], (151)
fi(z) = \/g Cos(%x). (152)

X can be viewed as an operator describing the node-flux amplitude of the resonator funda-
mental mode, and P is its conjugate momentum. Inserting these projected quantities into

and

where
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the Hamiltonian density (98) and integrating, leads to a one-dimensional harmonic oscillator
Hamiltonian for the fundamental-mode amplitude,

P2 QC 2
Hres = 202C + a 2wresX2' (153)

In the node-flux representation, the fundamental-mode eigenstates are eigenfunctions of

2C ros? Y ) Y ) Y
where the | Im are Hermite polynomials.

For example, consider the matrix representation of the projected charge density operator
p(x) in this basis. According to (82),

Un(X) = @"mlym )R PEH, ()t

pla) = aCO(r) = ) = 1D p (155)

(67

so the matrix elements in the basis (154) are

/ . 8 m/ I rosc
<m\p(x)|m/):flgj)<m|P\m>:—zh fléx)x/dszm a¢X - “’d cos (%”) o

(156)

where we have further projected to the m = 0,1 subspace.

Now let’s compute the matrix elements of p(x) in the polarization basis. In the continuum
limit, (136) leads to

u(z) = ¢ %‘L sin(%), (157)

where we have again projected into the fundamental mode. Similar to X, £ can be viewed as
an operator describing the polarization amplitude of the resonator fundamental mode. The
resonator Hamiltonian in this representation is (144), and its eigenfunctions are

/| h
o (158)

Then according to (117), the matrix elements of the projected p(x) in the basis (158) are

@W@WbJ%gmGQgﬁwM%c o () e (139

Although I have used the same bracket notation in (156) and (159), it is to be understood
that the |m) in these expressions refer to different basis functions.

Comparing (156) and (159), we conclude that the matrices o) and o}, appearing in (149)
and (56) represent the same physical resonator operator written in different bases. Either
basis can be used, although the choice of a measurement method may single out one as being
more convenient.

Un(€) = (2mml VT )T e H, (8), ¢
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