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1. Introduction

Macroscopic quantum behavior in a Josephson junction (&3) fisst demon-
strated in the mid-1980’s by John Clarke’s group at UC BexkéMartinis et al.,
1985; Devoret et al., 1985; Martinis et al., 1987; Clarke et1888). These exper-
iments used a superconducting device referred to as a laege @rrent-biased
JJ, which would later become the phase qubit. Beginningenntid-1990’s the
group of James Lukens at SUNY Stony Brook (Rouse et al., 1888dman
et al., 2000) and a collaboration between the Delft Unitgrgroup of Hans
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Mooij and the MIT group of Terry Orlando (Mooij et al., 1999arv der Wal
et al., 2000) demonstrated macroscopic quantum behavisuperconducting
loops interrupted by one or more JJs (called superconductirantum interfer-
ence devices, or SQUIDS), what would later become flux quiited in the
late-1990's the group of Yasunobu Nakamura at NEC in TsukiNskamura
et al., 1997; Nakamura et al., 1999) developed the first Qepgie box or charge
qubit. Many of the earlier experiments were motivated byisahtheoretical work
of Caldeira and Leggett (Caldeira and Leggett, 1981; Cedd®id Leggett, 1983).

The modern era of superconducting quantum computatiomida@d02. That
year, the group of Siyuan Han at the University of Kansas hadytoup of John
Martinis, then at NIST Boulder and currently at UC Santa Baabindependently
showed that long-lived quantum states in a current-biagdedan be control-
lably prepared, manipulated, and subsequently measutegt @., 2002; Martinis
et al., 2002). This same year, the group of Michel Devoreatntat the CEA in
Saclay and currently at Yale University, demonstrated laimgquantum control
using a Cooper-pair box (Vion et al., 2002). These experimeuggest that JJ-
based qubits can be used as the building blocks of a solid-gtentum computer,
creating a tremendous interest in this intrinsically dol@approach. An impres-
sive list of additional experimental achievements sootofeéd, including the
demonstration of two-qubit quantum logic (Yamamoto etz003).

In this chapter we will review the current approaches for mgknulti-qubit
systems. For a more detailed discussion of single qubitsefes to the excellent
review by Makhlin, Schon, and Shnirman (Makhlin et al., 2D0Also, a recent
introductory account of the field has been given by You and Rmu and Nori,
2005). The approach we follow here is to construct circuidais for the basic
qubits and coupled-qubit architectures. Many designs theesn proposed, but
only the simplest have been implemented experimentallate.d

After reviewing in Sec. 2 the basic phase, flux, and chargégjule discuss
three broad classes of coupling schemes. The simplestusasdixed linear cou-
pling elements, such as capacitors or inductors, and isisksd in Sec. 3. The
principal dfect of fixed, weak couplings is to lift degeneracies of theoupded
qubit pair. However, because such interactions are alwegsept (always turned
on), the uncoupled qubit states, which are often used asuatignal basis states,
are not stationary. A variety of approaches have been peabtmsovercome this
shortcoming. In Sec. 4 we discuss tunable couplings thaivathe interactions
of Sec. 3 to be tuned, ideally between “on” andi*osalues. A related class of
dynamiccouplings is discussed in Sec. 5, which make use of couplemeants
that themselves have active internal degrees of freedomy aht like tunable
coupling elements, but also have additional functionaldgyning from the ability
to excite the internal degrees of freedom. Examples of tlésr@sonator-based
couplings, which we discuss in some detail.
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V=a dy/dt

Figure 1. Circuit model for a current-biased JJ, neglecting disgipatHerea = 7i/2e.

2. The basic qubits: phase, flux, and charge

The primitive building block for all the qubits is the JJ shou Fig. 1. The low-
energy dynamics of this system is governed by the phdisrelncep between the
condensate wave functions or order parameters on the twe sidhe insulating
barrier. The phase filerence is an operator canonically conjugate to the Cooper-
pair number dierenceN, according td

[e.N] =i. 1)

The low-energy eigenstates,(¢) of the JJ can be regarded as probability-amplitude
distributions ing. As will be explained below, the potential energyy) of the JJ

is manipulated by applying a bias currérnb the junction, providing an external
control of the quantum stategsy(¢), including the qubit energy-level spacing.

The crossed box in Fig. 1 represents a “real” JJ. The crosgeakepresents a
nonlinear element that satisfies the Josephson equétions

| =lgsing and V =ag, (2)

with critical currentlg. The capacitor accounts for junction chargig.single JJ
is characterized by two energy scales, the Josephson ogugiergy

filg
E;j= —, 3
)= S 3)
1 We define the momentur® to be canonically conjugate to, andN = P/#. In the phase
representation)l = —i (;3—¢
2 a=h/2e

3 This provides a simple mean-field treatment of ititer-condensate electron-electron interac-
tion neglected in the standard tunneling Hamiltonian fdisnaon which the Josephson equations
are based.
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Figure 2. Basic phase qubit circuit.

wheree is the magnitude of the electron charge, and the Cooperebairging
energy

_ (292

- 2C”
with C the junction capacitance. For example,

Ec (4)

320 neV

E; = 205meVxlg[uA] and E¢ CoA (5)
wherelp[uA] and C[pF] are the critical current and junction capacitance iR mi
croamperes and picofarads, respectively. In the regimestefest to quantum
computationEj andE, are assumed to be larger than the thermal enlesgybut
smaller than the superconducting energy gap which is about 18@eV in Al.
The relative size oE; andE; vary, depending on the specific qubit implementa-
tion.

2.1. PHASE QUBIT

The basic phase qubit consists of a JJ with an external ¢usias and is shown
in Fig. 2. The classical Lagrangian for this circuit is

1
Lyj= =M@2-U, M= —. 6
2= 5Mg 3E. (6)

Here |
U = -Ej(cosp + S¢), with s= T (7)
0

is the dfective potential energy of the JJ, shown in Fig. 3. Note that‘mass”
M in (8) actually has dimensions of masdengtt? The form (6) results from
equating the sum of the currents flowing through the capaaitd ideal Josephson
element td. The phase qubit implementation uges> E..
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Figure 3. Effective potential for a current-biased JJ. The slope of tisneopotential iss. The
potential is harmonic for the qubit states unless very close to 1.

According to the Josephson equations, the classical caaanomentunP =
% is proportional to the charg® or to the number of Cooper pai¥/2e on the
capacitor according tB = 7Q/2e. The quantum Hamiltonian can then be written
as
Hys= EcN? + U, (8)

whereyp andN are operators satisfying (1). Becalgelepends ors, which itself
depends on timeHl,,is generally time-dependent. The low lying stationaryestat
whens < 1 are shown in Fig. 4. The two lowest eigenstad®snd|1) are used to
make a qubitAe is the level spacing andlU is the height of the barrier.

A useful “spin3” form of the phase qubit Hamiltonian follows by projecting
(8) to the qubit subspace. There are two natural ways of dbisgThe first is to
use the basis of thedependent eigenstates, in which case

h
H=-=Eo 9)

where
wp = wpo(1- )i and wpo = V2EE,/h. (10)

Thes-dependent eigenstates are called instantaneous eigsn@causgis usu-
ally changing with time. The time-dependent Schrodinggration in this basis
contains additional terms coming from the time-dependarfcithe basis states
themselves, which can be calculated in closed form in thebaic limit (Geller
and Cleland, 2005). These additional terms account foroaihdiabatic ffects.
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Figure 4. Effective potential in the anharmonic regime, witkery close to 1. State preparation
and readout are carried out in this regime.

The second spin form uses a basis of eigenstates with a fikeel ebbias,sp.
In this case

_hwp(s0) , Egl

H = ol — =_(s- )%, (11)
2 V2
where
1
€= to(1- so)‘% and {p= (%)4 (12)
J

This form is restricted t¢s— S| < 1, but it is very useful for describing rf pulses.
The anglef characterizes the width of the eigenstateg.iRor example, in the
so-eigenstate basis (and wig in the harmonic regime), we hate

¢ = X010 + arcsing) °,  With  Xmm = (Mig|m'). (13)

Here xmm is an dfective dipole moment (with dimensions of angle, not length)
andxo; = ¢/ V2.

2.2. CHARGE QUBIT

In the charge qubit, the JJ current is provided capacitiysighanging the voltage
Vg on a gate, as in Fig. 5. In this cafg < Ec, and the small capacitance is
achieved by using a Cooper-pair box, which is a nanoscakrsopducting island
or quantum dot.

The Lagrangian and Hamiltonian for this system are

1 . _
L= Eaz(c + Cg)¢? + Ejcosp — aCyVgep (14)

4 o9 is the identity matrix.
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Figure 5. Basic charge qubit circuit. The upper wire constitutes tipesconducting box or island.

and
_ N2 - (292
H = E¢(N - Ng)“ — Ejcosp, with E¢ = —2(C+Cg)' (15)
Here
CyVy
Ny = ——= 16
9 o (16)

is the gate charge, the charge qubit’s control variable.
It is most convenient to use the charge representation defged by the
Cooper-pair number eigenstatas satisfying

NIn)y = n|n). a7

Becauseg¥|n) = |n + 1), the cosp term in (15) acts as a Cooper-pair tunneling
operator. In the qubit subspace,

N-Ng = —(Ng - 2)0° - 30, (18)
(N - Ng)* = (Ng— 2)o + const (19)
cosp = 1% (20)

The charge qubit Hamiltonian can then be written in spin fannthe {|0), |1)}
charge basis as

or in the{|+), |-} basis ofNg = % eigenstates
0y +|1
oy = 01D 22)

V2
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Y

Figure 6. Basic rf-SQUID flux qubit and circuit mode® is the total flux threading the ring. The
dashed curve in the upper figure indicates the integratiatocoI” used to derive condition (26).
The coil in the lower figure has self-inductarice

as
E; ,

H = EC(Ng - %)O‘X - 70’ (23)

2.3. FLUX QUBIT

The flux qubit uses states of quantized circulation, or magfiex, in a SQUID
ring. The geometry is illustrated in Fig. 6. The current biaghis case is supplied
by the circulating supercurrent. The total magnetic flugan be written as

® = Oy — cLl, (24)
wheredy is the external contribution arad| is the self-induced component, with
| =aCp + lpsing (25)

the circulating current andl the self-inductance.The relations (24) and (25)
determine® given ¢, but there is a second condition relating these quantities,

5 L here is not to be confused with the Lagrangian.
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potential energy
\
!

Figure 7. Double-well potential of the flux qubit. The dashed curvéistosine potential of the JJ

alone; the solid curve shows the modification caused by tfiérgkictance of the ring. The states

|0y and|1) are that of circulating and counter-circulating superentrwhich become degenerate at
the maximal frustration point (31).

namely

0] ® . hc
e 2n modl with &g = % (26)
This second condition follows from the Meissndfeet, which says that the cur-
rent density in the interior of the ring vanishes, requirihg total vector potential
A to be proportional to the gradient of the phase of the loadioparameter. It is
obtained by integratingd. around the contour in Fig. 6.
The relation (24) then becomes

hw? 27 ®
20 H LC X
C + E;sin ( _ ):o, 27
a“C¢ + Egsing + 3E, oo, (27)
where
1
wLc=E—. (28)
VLC
This leads to the Lagrangian and Hamiltonian
1 h2w? 27 ®, \2
L=>a2Ci? + E - LC( _ X) 29
5@ Co” + Eycosy aE, Do (29)
and
n2w? 21Dy \2
H=EN2-E LC( - X). 30
c JCOSp + 4E, e (30)
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The ring’s self-inductance has added a quadratic conioibbuio the potential
energy, centered arr@®y /Dsc.
The control variable in the flux qubit By. By choosing
o, 1
Do 2 mod 1, (31)
one produces the double-well potential shown in Fig. 7. Tdreliion (31) corre-
sponds of the point of maximum frustration between the tweations of circu-
lating supercurrent. By deviating slightly from the poiBi}, the energies of the
|0y and|1) change, without changing the barrier height that contlmsttinneling
between the wells.
We can write the flux qubit Hamiltonian in spin form as

H = BZO'Z + on-x, (32)

where B, and By are parameters that depend on the SQUID geometrydgnd
In the simplest rf SQUID flux qubit discussed heRg, characterizes the well
asymmetry, and is tunable (vidy), whereasBy depends on the barrier height
and is fixed by the value dE;. However, below we will describe a modification
that allows the barrier height to be tuned as well.

Hybrid charge-flux qubits have also been demonstrated, anel$hown to be
successful in reducing decoherence caused by interagtibhghe environment
(Vion et al., 2002).

3. Fixed linear couplings

By fixed linear couplings we refer to coupling produced byctieally linear
elements such as capacitors or inductors that lead to ati@neHamiltonians with
fixed coupling strengths. In the cases usually considehed¢cdupling strengths
are also weak, much smaller than the qubit level spacingnendill assume that
here as well. We discuss two prominent examples, capdgitbezipled phase and
charge qubits. For discussions of the third prominent exenmuctively coupled
flux qubits, we refer the reader to the literature (Mooij et #99; Orlando et al.,
1999; Maknhlin et al., 2001; Massen van den Brink, 2005).

3.0.1. Capacitively coupled phase qubits

Capacitively coupled phase qubits have been demonstrgtétedniversity of
Maryland group of Fred Wellstood (Berkley et al., 2003) andtte UC Santa
Barbara group of John Martinis (McDermott et al., 2005). &hnehitecture was
discussed theoretically by Johnsetnal. (Johnson et al., 2003), Blagt al. (Blais
et al., 2003), and Strauddt al. (Strauch et al., 2003).
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Figure 8. Capacitively coupled phase qubit circuit

11

Referring to Fig. 8, the equations of motion for the two phesgables arg

a®(C1+Cin)¢1 + Eq(singr — s1) — @’Cintp2 = 0
a®(C2 + Cin)¢2 + Exxsingr — s1) — @’Cintépr = 0,

and the Lagrangian is
[1/2 -2 2 .
L= Z [%(Ci + Cin)gf + Es(cosyi + S¢i)| — a“Cintp1¢2.
i
To find the Hamiltonian, invert the capacitance matrix in
PL|_ 2 C1+Cint  —Cint ¢1
p2 —Cint C2+Cint )\ @2 )’

where thep; are the canonical momenta. This leads to

02
= Z[ 2' — Ej(cosgi + S<pi)] ¢ P2

a?Cint
where
€ = G+ (Cl+CYHT
¢, = G+ (Cl+Ccihy™,
Cit = CICa(CTt+Cr+Coh™h

This can be written as

H=) Hi+sH, oH=gNiNy,

6 a=n/2e

(33)
(34)

(35)

(36)

(37)

(38)
(39)
(40)

(41)
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where

Z(E)EC. (42)

,_ (28)?
0= 22

Cint
The arrow in (42) applies to the further simplified case ohii=l qubits and
weak coupling.

The coupling constarg’ defined in in (42) is inconvenient, however, because
the energy scalg; appearing in (42) is too small. A better definition is

of (Cint)
— i 43

C
where( is the scale introduced in (12).
In the instantaneous basis, the spin form of the momenturatypds

0 1
N=p( © ). (44)
where
i
Po1 = 0lpIL) = ——. (45)
' v2¢
Then
n
H= Y Hi+oH,  Hi=-=Fo  oH=golo). (46)
i

In the uncoupled qubit basig00), |01),]10,]11)}, the qubit-qubit interaction in
terms of (43) is simply
0
0 0
sH=g| 4 ol (47)

-100 0

= OO

Two-qubit quantum logic has not yet been demonstrated wighdrchitec-
ture. Methods for performing a controlled-Z and a modifiedygwgate have been
proposed by Strauckt al. (Strauch et al., 2003), and four controlled-NOT imple-
mentations have also been proposed recently (Geller 04l6).

3.0.2. Capacitively coupled charge qubits

A circuit for capacitively coupled charge qubits is giveriig. 9. This architecture
has been demonstrated by Paslgial. (Pashkin et al., 2003), and used to perform
a CNOT by Yamamotet al. (Yamamoto et al., 2003). This work is currently the
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Figure 9. Capacitively coupled charge qubit circuit.

most advanced in the field of solid-state quantum infornmapcocessing. The
equations of motion for the two phases‘are

@*(C1 +Cg1 + Cin)§p1 + Ej1singr — aCq1Vgr — @’Cintpz = 0 (48)
@*(Cz + Cq1 + Cint)p2 + EjaSingy — aCyVgo — @*Cinipr =0, (49)

and the Lagrangian is

L= Z [%Z(Ci + Cgi + Cint)@? + Ej cosp; — aCqiVgi¢i] — @*Cintpr¢2.  (50)
i

Then the Hamiltonian is

(pi + aCygiVgi)?
Z 222G, Ji COSyi
+ aCqy1V, + aCyaV,
. (p1 + aCy1 gl)£p2 aCy 92)’ 51)
@zcint
where
-1
= c1+cgl+[ci;]}+(c2+cgz)‘l] , (52)
-1
C, = c2+cgz+[ci;1§+(c1+cgl)‘l] , (53)
Cint = C1+Cq1+Ca+Cgz+ (C1 + Cg1)(C2 + Cg2)Ciri- (54)
This can be written as
H= Z [Eci(Ni — Ngi)? — Ej cosgi] + 6H, (55)
i
where
(e2)? (e2)?
OoH = g(N71 — Ng1)(No — Ng2), Eg = ——, = ——. 56
a(Ny g1) (N2 92) Ci 2, g 2C (56)

T a=h/2e
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12 + Icirc 1/2 - ILcirc
Dx |

physical model circuit model
Figure 10. TuningE; with a dc SQUID.

The spin form in the charge basis is

E .
H=>" [Ea(Ng - $)o7 - 7%5] +6H, (57)
i
with
6H = J[(Ng1 - o2 + (Ng2 - 1)o2] + o2 (58)
— 5\l ™ 3)% 927 27911 T 291Y%2

WhenNg; = Ng2 = 3, this is a pure Ising interaction.
4. Tunable couplings

By introducing more complicated coupling elements, we cairoduce some de-
gree of tunability into the architectures discussed above.

4.0.3. Tunable g

A simple way to make the Josephson enefgyeffectively tunable in a circuit is
to use a well known quantum interferendeeet in that occurs in a dc SQUID; see
Fig. 10. The tunability o; can be understood from twoftirent viewpoints.

The first is to imagine introducing a hole in a current-biagddas in the
“physical” model of Fig. 10. Tunneling occurs in the up andvdodirection in
each of the left and right arms of the interferometer. Reawglbur interpretation
of cosy as a Cooper-pair tunneling operator, the two arms of theferemeter
resultin

o) | ariletngs)  dlengs) | grile-ng)

COSp — > + >

(59)
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Here we have assumed a symmetric interferometer. The firsbperms corre-
sponds to tunneling (in both the up and down directions) @élé&ft arm, which
acquires half of the total Aharonov-Bohm phag@2/®s; the right arm has the
opposite Aharonov-Bohm phase shift. Then thegteym in the potential energy
of (8) becomes

ES cosg — Ej(@x) cosp, with Ej(®y) = ES cos(’(rbq)x ) (60)
SC
The dfective Josephson energy in (60) can be tuned by vading
The second way to obtain (60) is to consider the circuit mod€ig. 10, and
again assume symmetry (identical JJs). This leads to thpledwequations of
motion

aCp1 + losing: = I§ + leirc, (61)
aCgr + losings = 5 — leirc. (62)
Defining
—_p1to
p= (63)
and using
2Dy
— o = 64
o1 ¢2= - (64)
then leads to
@?(2C)¢ + E3(®@y) sing — al =0, (65)

in agreement with (60).
The ability to tunek; is especially useful for inductively coupled flux qubits
(Makhlin et al., 2001).

4.0.4. Charge qubit register of Makhlin, Schon, and Shnirman
Makhlin, Schon, and Shnirman have proposed coupling ehquiits by placing
them in parallel with an inductor, such that the resultirigoscillator (the capac-
itance provided by the JJs) has a frequency much higher tieagutbit frequency
(Makhlin et al., 1999). The case of two qubits is illustraiedrig. 11, but the
method applies to more than two qubits as well.

The derivation of the circuit Hamiltonian follows methodsar to that used
above, and is

LC2 EnEy

y 'y
222 0105, (66)

E .
H=Y [Eci(Ngi - hor- Loy
i
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Figure 11. Circuit of Makhlin, Schdn, and Shnirman.
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Figure 12. Electrostatic transformer.
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The significant feature of the interaction in (66), compae(b8), is that thdey's
here can be tuned by using dc SQUIDs. This gives, in princgplfully tunable
interaction between any pair of qubits attached to the sadhector.

4.0.5. Electrostatic transformer of Averin and Bruder

Averin and Bruder (Averin and Bruder, 2003) considered ateel coupled charge
qubit circuit, shown in Fig. 12, which we have reorganizedetophasize the
similarity to Fig. 11. The Hamiltonian in this case is

H= Z [Eci(Ni - Ngi)2 — Ejicosyi | + Hyans (67)
i

and

Hirans = Ec(N — Ng — Q)z — Ejcosyp, (68)
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where

C
g = g~ (N1 — Ng1 + Nz - Ngz)—; (69)
|

Cm
2N (1 - —)
9 Csi

Oy (70)

The operatorq here is a function of the charge qubit variables, but comewith
the transformer degrees of freedom.

As in the register of Makhlin, Schon, and Shnirman, we asstine trans-
former degrees of freedom are fast compared with the qubihias, so that the
transformer remains in its instantaneous ground statefoldnThen

Hirans — €0(0). (71)

This finally leads to anféective Hamiltonian
H=) [Eci(Ngi ~ Lot - —a' ] Zaa +boo?, (72)
i

involving charge qubit variables only, where

eo(Go + &2) — eo(Co — CZ,)
4
eo(Go + &) + €o(do — &2) — 260(%)

b = 2 (74)

The discrete second-order derivatlyevhich can be interpreted as a capacitance,
can be tuned to zero by varyimg, providing the desired tunability.

(73)

4.1. RF COUPLING

Finally, we briefly mention an interesting proposal by Rig&lais, and Devoret,

to use rf pulses tofectively bring permanently detuned qubits into resonance
(Rigetti et al., 2005). This is a very promising approacht, thas not yet been
demonstrated experimentally.

5. Dynamic couplings: Resonator coupled qubits

Several investigators have proposed the use®fresonators (Shnirman et al.,
1997; Makhlin et al., 1999; Mooij et al., 1999; You et al., 208ukon, 2002; Blais

et al., 2003; Plastina and Falci, 2003; Zhou et al., 2004eswonducting cavities
(Blais et al., 2004; Walli et al., 2004), or other types of oscillators (Marquardt
and Bruder, 2001; Zhu et al., 2003) to couple JJs togethénoAdgh harmonic
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to bias and resonator to bias and
measurement & \ »= measurement
electronics electronics
1 2

Figure 13. Two current-biased Josephson junctions (crossed boxap)embto a piezoelectric disc
resonator.

oscillators are infiective as computational qubits, because the lowest pair of
levels cannot be frequency selected by an external drivield, fthey are quite
desirable as bus qubits or coupling elements. Resonatovsdprfor additional
functionality in the coupling, and can be made to have vegh I factor. Here

we will focus on phase qubits coupled by nanomechanicalnegses (Cleland
and Geller, 2004; Geller and Cleland, 2005; Sornborger. £2@04; Pritchett and
Geller, 2005).

5.1. QUBIT-RESONATOR HAMILTONIAN

The Hamiltonian that describes the low-energy dynamics sihgle large-area,
current-biased JJ, coupled to a piezoelectric nanoetaetthanical disk resonator,
can be written as (Cleland and Geller, 2004; Geller and 6¢&12005)

H = Z €mCinCm + hwod' a — ig Z Xmmt CinCrry (@ — @), (75)
m mm

where the{c,Tn} and {cn} denote particle creation and annihilation operators for
the Josephson junction states£ 0,1,2,...),a anda’ denote ladder operators
for the phonon states of the resonator’s dilatational kitess oscillation) mode
of frequencywy, g is a coupling constant with dimensions of energy, apg =
{mjg|nT). The value oy depends on material properties and size of the resonator,
and can be designed to achieve a wide range of values. Atratimn showing
two phase qubits coupled to the same resonator is given inlBiginteractions
between the JJ and resonator may be controlled by changintj tturrent, giving
rise to changes in the JJ energy spacixg,For instance, a state can be transferred
from the JJ to the resonator by bringing the JJ and resonat@sbnanceie =
hwo, and waiting for a specified period.
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5.2. STRONG COUPLING AND THE RWA

For small couplingg < Ae, the JJ-resonator system may be approximated by the
Jaynes-Cummings model; this is usually referred to as ttagimg wave approx-
imation (RWA). However, once the coupling becomes comparéb the level
spacing,g ~ Ae, the RWA breaks down. When the JJ is weakly coupled to the
resonator, withg/Ae below a few percent, gates such as a memory operation
(state transfer to and from the resonator) work well, anditgudre stored and
retrieved with high fidelityHowever, such gates are intrinsically slois g/Ae is
increased, making the gate faster, the fidelity becomesp@uy, and it becomes
necessary to deviate from the RWA protocol. Below, we firstdss an analytical
approach to capture the leading corrections to the RWA atrimtdiate coupling
strengths (Sornborger et al., 2004). We then discuss agstaupling information
processing example: a quantum memory register (PritchdtGeeller, 2005).

5.3. BEYOND THE RWA

For simplicity we will consider only two levels in a singlenction. However,
all possible phonon-number states are included. The Hamalh may then be
written as the sum of two termbl = Hjc + V. The first term,

Hic = e Cico + €1 Cic1 + Tiwp @' a - igxo[c)coa — chcia’l, (76)

is the exactly solvable Jaynes-Cummings Hamiltonian, idenéunctions of which
are known as dressed states. We will consider the second term

= —ig[xooC{Co(a — a') + Xo1C,C1a — XoaCiCoa’ + xuicici(a—a’)],  (77)

as a perturbation. The RWA applied to the Hamiltontdramounts to neglect-
ing V. Therefore, perturbatively including is equivalent to perturbatively going
beyond the RWA.

5.3.1. Dressed states
The eigenstates dfl;c, or the dressed states, are labeled by the nonnegative
integersj = 0,1,2,...and a sigro- = £1. On resonance, these are

) = 7 » (wg=0) (78)
and 0
w;fseo+(j+1)hwo+m/j+1mg( ) (wg = 0) (79)

Here, the vacuumj& 0) Rabi frequency on resonancedg(0) = 2g|xo1|/7.
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5.3.2. Dressed state propagator
In quantum computing applications one will often be interdsin calculating
transition amplitudes of the form

(Fle /)iy, (80)

whereli) and|f) are arbitrary initial and final states of the uncoupled guééonator
system. Expandin{i) and|f) in the dressed-state basis reduces the time-evolution
problem to that of calculating the quantity

G (M) = e ), (81)

as well as{://‘jfle“Ht/h|00> and(0Qe Ht/2|00). G‘jfj‘,f'(t) is a propagator in the dressed-

state basis, and would be equabtg.;;.e i /"

RWA.

To be specific, we imagine preparing the systent at O in the statd10),
which corresponds to the qubit in the excited state 1 and the resonator in the
ground staten = 0. We then calculate the interaction-representation (itia
amplitude

if V were absent, that is, in the

Cn(t) = €5V (mne 710 (82)

for the system at a later tinteto be in the statémn). HereEqnn = en + Nhwg.
Inserting complete sets of the dressed states leads to

coot) = ) _(w]110)00e™/ ), (83)
o]

and, formn=# 00,

- & (wrmn " (G G\ [ (w10
_ AEmnt/R 0 0
o) = &0, | Wy I Gs G o) e

So far everything is exact within the model defined in Eq. (75)
To proceed, we expand the dressed-state propagator insadfasacteigen-
stateg¥,) of H, leading to

GIT(1) = D W 1Wa) (W 1¥,)" €5, (85)

Here&, is the energy of stationary stgte,). The propagator is an infinite sum of
periodic functions of time. We approximate this quantitydsaluating thd¥,)
and&, perturbatively in the dressed-state basis.

We test our perturbed dressed-state method for the casenittadimensional
single-qubit, five-phonon system. The bias current is amdsenake the system
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Figure 14. Probabilitiescyo?> and|cyy/? for the intermediate case gfAe = 0.30. Here there are

large deviations from the RWA behavior, which are correeitgounted for by the dressed-state

perturbative method.

exactly in resonance. The Hamiltonian for this system igaimlized numeri-
cally, and the probability amplitudes,(t) are calculated exactly, providing a test
of the accuracy of the analytic perturbative solutionstifgthe initial state to be
¢mn(0) = dm1dno, @s assumed previously, we simulate the transfer of a ouit f
the Josephson junction to the resonator, by leaving themgsin resonance for
half a vacuum Rabi periogi/g|xo1].

In Fig. 14, we plot the probabilities for a relatively stroogupling,g/Ae =
0.30. For this coupling strength, the RWA is observed to failt Example, the
RWA predicts a perfect state transfer between the junctiwhtie resonator, and
does not exhibit the oscillations present in the exact EmiufThe dressed state
perturbation theory does correctly capture these osoifiat

5.4. MEMORY OPERATION WITH STRONG COUPLING

Here we study a complete memory operation, where the quisitoi®d in the
resonator and then transferred back to the JJ, for a largee rahJJ-resonator
coupling strengths (Pritchett and Geller, 2005). Also, \wevs that a dramatic
improvement in memory performance can be obtained by a noah@ptimiza-
tion procedure where the resonant interaction times #iasonant detunings are
varied to maximize the overall gate fidelity. This allowsglar JJ-resonator cou-
plings to be used, leading to faster gates and therefore opamtions carried out
within the available coherence time. The results suggestttshould be possible
to demonstrate a fast quantum memory using existing supeuoting circuits,
which would be a significant accomplishment in solid-statearqum computation.
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Figure 15. (upper panel) Memory fidelity for equator state%QO) +]1)) as a function ofy/Ae,
using both the RWA (unfilled circles) and optimized (solictts) pulse times. (lower panel) Time
needed to store and retrieve state, using both the RWA (daslvee) and optimized (solid curve)
pulse times.

In the upper panel of Fig. 15 we plot the memory fidelity for theit state
2‘%(|0> + |1)) as a function ofj/ Ae. We actually report the fidelity squared,
3k 3k 2
F2 = |a"coo(tr) + B*Cao(tr)| (86)
which is the probability that the memory device operatesemtly. As expected,
the fidelity gradually decreases with increasinghe lower panel of Fig. 15 gives
the gate time as a function gf Ae. These results suggest that memory fidelities

better than 90% can be achieved using phase qubits and tesowith coherence
times longer than a few tens of ns.
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