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Mesoscopic phonon transmission through a nanowire-bulk contact
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We calculate the frequency-dependent mesoscopic acoustic phonon transmission probability through the
abrupt junction between a semi-infinite, one-dimensional cylindrical quantum wire and a three-dimensional
bulk insulator, using a perturbative technique that is valid at low frequency. The system is described using
elasticity theory, and traction-free boundary conditions are applied to all free surfaces. In the low-frequency
limit the transmission probability vanishes @3, the transport being dominated by the longitudinal channel,
which produces a monopole source of elastic radiation at the surface of the bulk solid. The thermal conduc-
tance between an equilibrated wire nonadiabatically coupled to a bulk insulator should therefore vanish with
temperature a3®.
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I. INTRODUCTION are applied to all free surfaces. In the low-frequency limit the

Electronic transport in a variety of mesoscopic systemdransmission probability is found to vanish a8, with the
has been successfully described by the theory of Landaud@Ww-frequency transport being dominated by the longitudinal
and Biittiker~7 In this scattering approach, each fully propa- channel.
gating channel in a wire contributesr&2/7% to the electrical In Sec. Il we review the calculation of the long-
conductance. Recently there have been experimental efforfgavelength vibrational modes of an infinitely long cylindri-
to study phonons in the mesoscopic regffrend beautiful ~ cal elastic rod. The long wavelength limit of interest here is
experiments by Schwabt al® and by Yunget all® have defined akb<1, whereb is the radius of the cylinder arid
observed the low-temperature universal thermal conductandé the wave number. In Sec. Il we show that in the long-
quantum of7k3T/6% per vibrational channel. In these ex- wavelength limit, the bulk solid produces a hard-wall bound-
periments, the nanowires were adiabaticétip the scale of ary condition on the nanowire. In Sec. IV we calculate the
the thermal wavelengthconnected to thermalized phonon displacement field in the three-dimensional bulk solid given
reservoirsit and the observation of a thermal conductancean applied traction to its surface, using what is essentially an
varying linearly with temperature implies that very little pho- elastic Green's function methd@!® The frequency-
non reflection occurred at the nanowire-bulk junctions. ~ dependent transmission probabilities for each of the four
In the presence of an abrupt, nonadiabiatic coupling begapless modes are calculated in Sec. V, and our conclusions
tween the nanowire and bulk reservoirs, phonons will scatte@re given in Sec. VI.
at the junctions and suppress the thermal conductatcé?
Cross and Lifshit? have calculated the frequency-
dependent acoustic phonon transmission probabiitipe- In this section, we will briefly review the elastic eigen-
tween a semi-infinite quantum wire of rectangular cross secmodes for an infinitely long cylindrical wave guide. In the
tion and a thin plate with the same thickness as the wire, anhng wavelength limit there are four branches, which include
find that T2 in the low-frequency limit. In Ref. 14 a one torsional branch, one longitudinal branch, and two flex-
short nanowire, modeled as a harmonic spring, abruptly congral branche4® We assign a numerical subscript to represent
nected at both ends to three-dimensional bulk insulators wasach branch, with “1” denoting the torsional branch, “2” de-
found to haveT = w?. These results suggest that such nanonoting the longitudinal branch, and “3” and “4” denoting the
wires will eventually become thermalsulatorsat low tem-  flexural branches. These four branches are orthogonal. Also,
peratures, and the universal thermal conductance quantugylindrical coordinates are used below.
will not be observed. However, such a crossover to insulating  We assume an isotropic elastic continuum with transverse

II. VIBRATIONAL MODES OF CYLINDRICAL WIRE

behavior has not yet been observed experimentally. and longitudinal sound speeds

Understanding the scattering caused by nonadiabatic
nanowire-bulk contacts will be essential for pushing phonon _ \/Z d o= IN+2u 1
physics into the mesoscopic regime, as well as for the design C= p and 6= p (1)

and operation of thermal nanosensors such as calorimeters ] ) i
and bolometers. In this paper, we extend the previous work/here p is the mass density, and and n are the Lameé
by calculating the mesoscopic acoustic phonon transmissiofPnstants.
probability through the abrupt junction between a semi-

infinite, one-dimensional cylindrical quantum wire and a
three-dimensional bulk insulator, using the low-frequency The displacement field is given by

perturbative technique employed by Cross and Lifshitz. Uy(r ) = 1 elkeag ?)
The nanowire and bulk insulators are described using isotro- w o

pic elasticity theory, and traction-free boundary conditionswith dispersion relation

A. Branch 1: torsional
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w1 = Ctk (3) Oorz = 0,
The stress tensor elements acting on a cross section of the -0
rod are O20z= U,
duy,  du c? 3-4p?\
O1rz = M( ﬁzlr + 712) =0, O2y7= i,u,ék dkzwgt) = i,u,( 1 _4132 >k dkzed) - (13)
Uy, 1aug, oo wherep=c,/¢ is the ratio of the transverse to longitudinal
- —C =) =iuk | (KzZ-wqt .
T147 ,u( P ) i ukre! , sound speed
C. Branch 3: x-polarized flexural
T1ry= [)\(V Uy + zﬂaulz -0. @) The displacement field is
Jz .
us(r,t) = [g,(r)cos de, + gy(r)sin e, + g,(r)cos ge, e,
B. Branch 2: longitudinal (14)
The displacement field is where
= i (kz-w3t) dJi(ar dJ,(Br J(Br
ua(r,0) =[fi(r)e + fr)eJe 2, (5) o) = S0 g GUE) o 20
where r r r
fi(r) = = Azadi(ar) + B,ikJy(Br), _dy(ar)  _ 3y(Bn) dJy(Br)
ge(r) =-— -Bs p -C3 ar
f(r) = AzikJg(ar) — BoBJo(Br) . (6)
Jn(r) is the Bessel function oith order.« and 8 are con- . . [3_2
stants determined by the boundary conditions. Furthermore, G:(1) = ikdy(ar) =By K (). (15)
2 2 B; and C; are constants. The stresses are given by
a=/%-1& and p=+/%-1&, (1 "
CI Ct H ng(r) -(kZ— t)
O3, = | kg (r) + ——— |cos § €“ 3V,
and dr
Ay _ B K> Jy(Bb)
—2= : %) . e
B, 2iak Jy(ab)’ ® U'sezzﬂ(|kgo(r)_ Zr )sm g elkzodt),
The relevant stresses are
dgr(r) gr(r) + g()(r)>
df,(r ; =\ +
Uzrz:,u[ikfr(r) + —dZ(r )}wkz-wzﬂ, ez { ( dr :
+iln+ zﬂ)kgz(r)]cos g ekzesh, (16)
020z~ 01

In thekb<<1 limit,

_ df(r) £} . i(kz-wst)
Opy5= [x( dr + . ) +ik(\ + Z,u)fz(r)}e' . o= @bkz, an
9) 2

In the long wavelengtlikb<<1 limit, w,=cyk,

=ik [1-| 2= 18
a=iky/1-— and B=ky/— -1, (10
o] C; and

wherec, is related to Young’s modulus of elasticiBy by

2
=ik 1—(—) . (19
E 3¢ - 4¢? P 2¢,
C=\-=a\—2_2 - (11) :
p C°—C To leading order,

To leading order us(r,t) = (cos e, — sin e, + ikxe) e kz 3!
uz(r,t) =e, ei(kz—wzt), (12) - (ex _ ikxez)ei(kz‘wst), (20)
and the stresses are and the stresses are
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i 02 _ c02 2 | L3 itkzwa) of linear and angular momentum lead the zero-displacement
—| |1+ (b —x) —| 3-—3 |y° |k s, boundary condition in the limiB> b.
G We consider a semi-infinite cylindrical elastic nanowire of
. ) radiusb, lying along thez axis and connected a=0 to a
o :I_Iu<1_cl)k3xyé(kz—w3t) thicker cylinder of radiusB. An incident elastic wavey
27 9 2 ’ =u(r, 9)€*= ) propagates from the nanowire to thick cyl-
inder. k is smaller than bottb and B so both cylinders are

O3z =
4 t

c? ‘ still one dimensional, and=1,2,3,4 denotes the branch.
O3,= p 5 Kx @l (21)  The scattering causes a reflected wavezfai0 and a trans-
G mitted wave forz>0. We can write the displacement field as
The rod bends in th&z plane. ui(rie)ei(kz—wt) + Riju}*(rye)e—i(kﬁwt) forz< 0,
D. Branch 4: y-polarized flexural T;u;(r,0)e® =Y for z>0. (24
An independent flexural mode can be found by letting theere R; and T;; are the reflection and transmission coeffi-
U,(r 1) = (e, — ikye) gz 29 The continu'ity of the Qisplgcement field, combined with
alr,0 = (& ~ikye) (22 the orthogonality of the vibrational eigenmodes, leads to
and the stresses on the surface norma ¢éoe
, , oj + Ry =Tj. (25
Oay,= 'ﬂRl + C—02>(b2 -y?) - <C_02 - 3>x2] k3¢ kzog) In the Appendix we show that in thB>b limit, conserva-
4 G G tion of linear and angular momentum leads to

. 2
I C ;
0-4XZ: — _I-L < é — l) k3xyé(k2—w3t) ,

2 which means that elastic waves are flipped upon reflection,

and no interbranch scattering occurs. This result is analogous
02 to that obtained by Cross and Lifshitz in their thin-plate
0ar= p 5Ky @), (23 ~ geometry® N .
C; Linear combinations of the vibrational eigenfunctions of
Sec. Il can be used to satisfy the boundary conditions of Eq.
(26). These displacement fields produce the following stress

I1l. BOUNDARY CONDITIONS AT THE NANOWIRE- distributions at the=0 interface: For the torsional mode we
BULK INTERFACE obtain
The essence of the perturbative method we use is as fol- 2i pkr?e™t forr <b,
lows: In an abrupt junction geometry, the bulk solid presents 0= (27)
a stiff boundary to the nanowire, so to zeroth order one cal- 0 for r > b.

cglates the vibrational mode; .of the wire assuming a Zer0x 0, the longitudinal mode,
displacement boundary condition at the contact. The stress
distributions associated with these vibrational modes is then o ¢? it

calculated in the junction region. These zeroth-order vibra- Z'M?ke forr <b,

tional modes, however, do not carry elastic energy because O22= ' (29
of the hard-wall boundary condition associated with the in- 0 forr>b.

finitely stiff bulk solid. Now one relaxes the hard-wall

boundary condition, replacing it with the condition that elas-And for the x-polarized flexural mode, we find

tic waves in the bulk are purely radiative, having outward

moving components but no inward ones. The elastic energy = Oy = 0= 0 forr>b, (29
radiated by the nanowire into the semi-infinite bulk solid is , 2 2

then computed using the actual elastic parameters of the . _ '_M{ (1 + Ci)(bz —%?) - <3 _ Ci>y2} K3eriost
bulk, and the ratio of incident to transmitted energy deter- XZ ¢’ ¢’ '

mines the transmission probability.

Thus, as explained, we will calculate the elastic stress on . Co Vi3 imat
the surface of the three-dimensional bulk insulator, produced oy = ip| 1 -7 Jkoxye'®s,
by the vibrating nanowire, by assuming that the bulk im- “
poses a zero-displacement boundary condition on the nano- 020 (30)
wire. This is physically reasonable, and can be further justi- o
fied by considering the bulk to be a thick wire with a radiusfor r <h. The stress distribution from thepolarized flexural
B much larger than the nanowire radibs® Assuming a mode has the same form é29) and (30) after exchanging
sound wavelength larger than bdifandB, the conservation x andy.

2
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IV. 3D ELASTIC RESPONSE FUNCTION Ju Ju
— = uF M 2Kekiaf (kg k)

Ty, —
X 'u( 9z X /) o

Next we calculate the displacement field in the three-

dimensional solid given the applied stress of Sec. Il to its L2 _
surface aiz=0. Forr <b, this is the stress distribution pro- ¥ (ka” ~ ki7)Gx(ky ko) klkzgy(kl’kZ)), (40)
duced by the nanowire, and for>b it is the stress imposed kia
by the traction-free boundary condition. The method we use
here, which is essentially a Green'’s function method, is well duy  duy\ 1
known in elasticity theory>16 yz= M 7o = ay = pF | 2kakiaf (ke ko)
To find the displacement field in the bulk solid given the 5 =0
boundary conditions described above, a scalar potetial N (k™ = ko) gy (i, ko) = KikoG(ky, ko) (a1)
and a vector potentidh are introduced according to Kes '
u=Ve+V XH. (3D ;
u
The wave equations for the potential fields are 0= (MV -U) + 2,0«(9—22> = uF (K + ko = kg F(ky, ko)
z=0
? ov?)g=0, (L -cv?)H=0. (32 + 2Ky (ks o) + 2650, K ko). (42)
a2 at?

By giving the boundary values ef,, o, ando,, we can
They can be written as find f, g,, andg, from the equations above. If at least one of
these three stresses is nonzero, we obtain

1 o]
d)(x,y, z) = 2—] dkldsz(klykz) k1x+k2}’)e|k|3z (33)
TJ

1
- D ){(kl2 +k,2 -k tgz)f( ) + 2kt3k1]-‘< )
and O\R1,”R2
g,
1 (” . _ + 2k, kf(—y—zﬂ, (43)
H(x,y, z) = 2—f dkldkgh(kl,kz)e_'(klx+k2y>e'kt3z, (34) t3K2 “
T —o0
1 kq,k
where 0= | o] ) (e -2
5 770( 1) 2) M 3
w
kz= 1/ — — k> —k,? 35 Ky, k
13 C|2 1 2 (35) Xf<(7_xz) _ ( 172(ky, ko) + Zkt3k1k2>}_(gﬂ) (49
g M kis M
an
and
K O 2ok (36) 1 (Kp, ko)
= — = - . 0 )
© 2 7 Oy = m[2kl3kt3k2]: ( ZZ) - (% + 2kt3klk2)
O\R1, 1”2 3

Heref andh are the Fourier transforms of the potential fields o (ko Ky) o

¢ andH atz=0. XF( XZ) (’71 2 —2kt3k22>f-<—>’—z)]. (45)
Now, we can use Eq(31) and choose the transverse M kis M

“gauge”V-H=0 to express the components of the displacegre

ment vector by the inverse Fourier transfof’,

— 4 2, 2 2, 2 2 4
U y,2) = =17 kol ko) + g kg, ko) €] mlkule) = ke oo ke e (2a 7k T

(46)

Uy (X,Y,2) = = 1 F Kyf (kg ko) €432 + g (kg ko) €47,
(K1, ko) = Kiko[Ky? + ko7 + kig(dkiz = 3kia) ], (47)

u,(x,y,2) = i]-‘1<k|3f(kl, k,) eIz K
70(Ky,Ko) = ma(Ky, ko) + = 772(k1,k2) (48)
kaGy(K1,Ko) + Kogy (K, Ko)
- K * e, (37) Therefore, from Eq(37), we can find the displacement vec-
3 tor atz=0 in terms of the boundary stresses,

where

—_ 1 il ( a'zz)
= = ————| Kkiama(Ky, k —
Ox(k1, ko) = kohy(Ky, ko) + Kishy(ky, ko), (38) Ulzzo=F {kt3770(k11k2)|: 1Kz 773(Ky, ko) F L
Ky, ko) = = kihy(Kq, ko) = kighy(Kq, ko) . 39 % 0,
9y(ka, ko) 104Ky, ko) = Kighi(ke, ko) (39 " 771(k1,k2)7:<_xz) - ﬂz(kl,kz)}_(_ﬂ)}},
The stress at the boundam=0 can also be expressed in M M
terms of the inverse Fourier transforms, as (49
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g
— | kK ky, k ZZ)
Uy|z:0 {ktB”O(klvk2)|: Kiz7a(Kq 2)f(

- m(kz,kl)f( ﬂ) - m(kz.kl)f( "—)”
M M

(50)

—-i w2 g
Uy = :Fl<— — f( ZZ) Ky, K
z|z 0 ﬂo(klykz){CtZkB “ 773( 1 2)

fotzostzl)

PHYSICAL REVIEW B 71, 125304(2005

+ GZZ[ m(kz,k1>f( ﬂ) - m(kz.kl)f("—“) ] } (56)
M M

dk,dk
=2ukw R J —12
o ¢ kiz10(Kq, Ko)
+ 775(Kyq, ko) FIX])
+ FIXT (171(Kp, ko) FIX] + 7(Ka, ky) FTYD)}. (57)

Expanding the Fourier transfornygx] and Fy] for small
kb, and keeping only the leading terms,

{FIYT (ke ko) FTy]

1 —ikb*
with o | xe e Daxdy= —=, (58)
7alke ko) = Ky? + k" + g 2Ki3 ~ kia) (52 1 ~ ikzb*
o ye kY g dy = 82 , (59)
V. ENERGY TRANSMISSION FROM we have
NANOWIRE TO BULK
_ ub¥o dk,dk, k1
Now we are ready to calculate the transmission probabil—I - 32 Re kea70(Ky, K ) | ik ko) + = 772(k1'k2)
. . . . S . 13770\ K1, K2
ity, defined as the ratio of transmitted to incident elastic en- K
ergy flux, for each of the four gapless branches. The energy +k ( o ko) + -2 1 (ko K )
currentl can be expressed’ds mike k) 772( 2k (60)
au au au wbBCw ko? + Ky
= <f dxd a—txo'xz+ EYUYZ-F a—tzo'zz>> , (53) = 32 Re dkldk2 kt3 (61)
S z=0
where(:--) represents a time average afdxdy s the sur- _leubsks (62)

face integral over the=0 cross section of the wire. In con-

ventional complex notation for waves, this becomes

I=—§Imj dxdy(ugo, +uyo +U,05,) =0- (54)
S

We will calculate the energy current for the different

branches separately.

A. Torsional branch

The stress distributio27) in rectangular coordinates is,

for Vx?+y?<b,
02,=0,

Oyy= — 2ipkye't,

0y, = 2i pkxe 't (55)

and zero foryx?+y?=b. Using Eqs.(49—<51) we obtain

w
l=- Elmjsdxd)(uxoxz+ Uy yZ)

- “Re dkdk, dxdye!(kuetay)
4w kiamo(K1,K2) J

X {0-:(2|: 711(k1,k2)]-"< O-_XZ) - 7]2(k1.k2)-7:<£y_z>:|
K M

By normalizingl with the energy currents/4) ub*ke of

the incident torsional wave, we obtain the transmission prob-

ability
_1
T=zb%*" (63)
B. Longitudinal branch
Using Eq.(28),

b 2
l=- 9Imf rdrf d6(u,0,,) 0. (64)
2 0 0
Then to leading order ikb,
b 2 2 2
1) wk3
l=— frdrf déo Refdkdk—
87w “ ' thﬂo(klakz)
2
I C0 2 ) f wki3
—b%kew | Re | dkidk,————. (65)
2Ct< Ct ' ZCtﬂo(kl,kz)

Normalizing by the powen/2)u(c,?/c?)b%*w carried by
the incident wave leads to

wkig (66)

T(Kk) = —bzkw Ref dkydky————
Ct e Cemo(Ky, ko)

=t,b%k?, (67)

where
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U)k|3

—_—. 68
Ce7o(Ky, ko) (68

S
t| = _3Ref dkldkz
e,

Assuming the materials to be made of Si, we hgve
=0.694 and

7T=1.91b%?

=0.923 — | .
G

C. Flexural branches

(69)

(70)

By using flexural stress distributiof80), we find that to
leading order irkb the energy current is

71Ky, Ko) ]__( <T_xz> ] o
Kiz1o(Kq, ko) M X

771( k1, kz)
kt3 770(k1a ko)

“Re J dxdw-‘l[
2 S

2
Jaxzdxdy Ref dk;dky
S

c 2
U dxd;(l +%)(b2—x2)
s Gt

2 2
Co ) 2 f 71Ky, Kp)
+|—-3 Re | dkydk,————
<Ct2 Y ] b 2kt3770(k11k2)

2 2
C kq, k
:ﬁ(%b4k3) o Ref dkldKZM.
32\ ¢, kiamo(K1, ko)

Normalizing by the energy current of the incident wave

o
_8772/.L

_ wwk®
3272

(71)

(1) * . *
lp=— EImJ dxdy(o,,— ikxo,,) =0 (72
S
T Co’ 4.3
=——bKw, (73
4 ¢

where we have used Eq&0) and (21), the transmission
probability is found to be

1 ¢y Cima(ka ko)
T=——b*Cw Ref dk,dk (74)
8m ¢’ T kg ok ko)
=t;b°k® (75)
where
2
Co J Cia(Ky, ko)
t= Re | dkdky————F——. (76)
' 16mc’ T kg ok ko)

Using p=0.694 for Si, the transmission probability be-
comes

7=0.268b°k> (77)

PHYSICAL REVIEW B 71, 125304(2005

bw 5/2
=O.60€(—> .
G

Because of the cylindrical symmetry, thigpolarized flexural
branch has the same transmission probability as the
x-polarized branch.

(78)

VI. CONCLUSIONS

On the left side of Table | we summarize the transmission
probability results calculated above, as well as the low-
frequency dispersion relations of the four gapless modes. For
comparison with the results of Cross and Lifshitfor a
rectangular wire connected to a thin plate, we reproduce their
results on the right-hand side of this table. In each case there
are four gapless acoustic modes: one torsional, one longitu-
dinal (or compressionaland two flexural bending modes.
Also, the form of the dispersion relations are the same for
both wires. For all branches the transmission probability to a
three-dimensional bulk solid has a higher-order frequency
dependence. This is at least partially a consequence of the
higher vibrational density of states in the three-dimensional
system as compared to a plate: For the longitudinal and
x-polarized flexural brancheg/ is one order higher irnw,
consistent with the density of states enhancertent.

The phonon transmission probabilities can be used to cal-
culate the mesoscopic thermal conductance between an
equilibrated wire and bulk. According to the thermal Land-
auer formulat?171° a total transmission probabilityT (w)
varying at low frequency asw” will lead to a low-
temperature thermal conductance varying with temperature
as Gy, T"*%. In our caseT(w) is a sum of theZ for each
channel. The thermal conductance between an equilibrated
cylindrical wire nonadiabatically coupled to a bulk solid
should therefore vanish with temperatureTds

Finally we comment on the applicability of our results to
nanoscale phonon experiments, which do not consider infi-
nitely long wires and perfectly sharp corners. For our theory
to be valid, the wire must be longer than the sound wave-
length, and the characteristic radii of curvature at the junc-
tion must be much smaller than this wavelength. Therefore,
because of the first condition, our results will become invalid
in the extreme low-temperature limit, and the conductance
will cross over from our predicte@® scaling to some other
behavior.
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APPENDIX: MOMENTUM CONSERVATION AND HARD-
WALL BOUNDARY CONDITION

Here we use linear and angular momentum conservation
to derive Eq.(26) in the B>b limit. First we equate the
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TABLE I. (Left) Dispersion relationg (k) of the low-frequency vibrational modes in a cylindrical nanowire, and transmission probabili-
ties 7 through the junction with a three-dimensional bulk insulator, as a function ofkatit . t; andt; are constants defined in Eq68)
and (76). In the low-frequency limit the total transmission probability vanishesgsthe transport being dominated by the longitudinal
channel(Right) Same quantities for a rectangular wire connected to a thin plate, reproduced from Ref. 1B, &t are Poisson-ratio-

dependent numbers.

Cylindrical nanowire(radiusb)

— semi-infinite spacé€3D solid)

Rectangular nanowiréwidth b, thicknessd)

— thin plate(2D plate of thicknessl)

Branch w(k) T(K) Tw) Branch w(K) T(k) T(w)
Torsional ck (bk)* é(%")“ Torsional Aok Ibk I22—bdb;“’
Longitudinal cok t,(bk)2 t,(';—‘g)z Compressional cok 4bk 4%
Flexural (x-direction bending ~ Zcobk?  tg(bk)® 4&&(%’)5’2 In-plane bending gcobk2 3(bk® 2@@("—“’)3’2
Flexural (y-direction bendiny same ax direction Normal-plane bending gcode 1,bk |1$T2(Z—£)1’2
torques produced by the thin and thick wires on each other.
From the rotational stress F,= | rdrdfo, (A7)

dug 1auz>
=pl—+-—— Al
Tz M( 9z 108 ( )
) oiglr, 0@ + Rya (1, 0)e7 Y for z< 0,
[ Tyjojedr, o)gkzen forz>0,
(A2)
the torsional torque=fdrd6ro, is found to be
i . . _
gb“(b‘ile'kz— R.e ™) uke'®t forz=0",
™= (A3)
s .
EB4Ti 1k ket for z=0".
Only torsional mode contributes to the torque.
By equating these torques we have
b*(81 — Ry) = B*Tj1. (A4)
Combining this result with Eq(25) leads to
R1=Ty=0, i#1, (AS)
_ B*-b* 2!
Rll__B“—-l-b‘“ 1= B, (AB)

Taking theB/b—oo limit then leads toR;;— -1 and Ty,
—0.

An analogous result foR;, and T;, can be derived by
considering the total force im direction,

2
i mh?( 85,6 - Rize"kz)é,udke"‘”t for z< 0,
o2 (A8)
|7TBZT|] C_()Z/.Lké(kz_wt) for z> 0,
t

which gives
b2(5i2 -Rp)= BZTiza (A9)

since only the longitudinal mode has a nonzBroThen

R,=T,=0, i#2, (A10)
B?-b?
RZZZ—BZTbZ—)—l, (All)
o
Ty= Bt 0, (A12)

for B/b— oo,

By further considering the conservation of momentum in
the x andy directions, it is not difficult to derive the result
quoted in Eq.(26).
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