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Mesoscopic electron and phonon transport through a curved wire
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There is great interest in the development of novel nanomachines that use charge, spin, or energy transport
to enable new sensors with unprecedented measurement capabilities. Electrical and thermal transport in these
mesoscopic systems typically involves wave propagation through a nanoscale geometry such as a quantum
wire. In this paper we present a general theoretical technique to describe wave propagation through a curved
wire of uniform cross section and lying in a plane, but of otherwise arbitrary shape. The method corgjsts of
introducing a local orthogonal coordinate system, the arclength, and two locally perpendicular coordinate axes,
dictated by the shape of the wir@;) rewriting the wave equation of interest in this systéiin) identifying an
effective scattering potential caused by the local curvature; @ndsolving the associated Lippmann-
Schwinger equation for the scattering matrix. We carry out this procedure in detail for the scalar Helmholtz
equation with both hard-wall and stress-free boundary conditions, appropriate for the mesoscopic transport of
electrons andgscalaj phonons. An interesting aspect of the phonon case is that the reflection probability always
vanishes in the long-wavelength limit, allowing a simple perturbat®@n approximationtreatment at low
energies. Our results show that, in contrast to charge transport, curvature only barely suppresses thermal
transport, even for sharply bent wires, at least within the two-dimensional scalar phonon model considered.
Applications to experiments are also discussed.
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[. INTRODUCTION and is neglected. The boundary conditions at the edges of the
wire are
A new class of nanomachines is attempting to measure
extremely minute amounts of energy, of the order a few neV, ®(r)=0 (for electrons,
and to use such calorimeters to probe fundamental properties
of thermal conduction in the nanoscale regimeSimilar to n-Va(r)=0 (for phonons, 2

the related case_of e]ectncal conductﬁir}l,ow-te_mpera_ture wheren(r) is a local outward-pointing normal. Here we have
thermal conduction in nanostructures is entirely different

than in macroscopic materials because the phonons are in t@ssume(_j conventional hard-wall boundgry conditions for thg
. . . fectronic states, but stress-free conditions for the elastic
mesoscopic regime, where they scatter elastically but not in-
elastically. Because inelastic scattering is required to estab-
lish thermodynamic equilibrium, there is a breakdown of
Fourier’'s law and the heat equation, which assume a local
thermodynamic equilibrium characterized by a spatially 5
varying temperature profile. These nanodevices have in-
spired considerable theoretical work on thermal transport by v
phonons in the mesoscopic linfit?2 g%
In this paper we introduce a general method to calculate
the scattering matrix for waves propagating through a curved
wire or waveguide. The wire is assumed to be of uniform . >
cross section and lying in a plane, but the curved segmen
may have any smooth curvature profifssuch as that shown Ay
schematically in Fig. ). The ends of the wiréhe “leads’)
are also assumed to be straight. For definiteness we conside 5

two-dimensional waves described by the scalar Helmholtz ( V)
equation

¥
A

(b) &
2 - _

[V+a]®(r) =0, r=(xy) (@) FIG. 1. (a) An example of the type of two-dimensional curved
o . . wire geometry considered in this paper. The shape of the wire is
which is appropriate for electrons or scalar phonons in flajiseq to define local orthogonal coordinatésand Y, with X the
wires with rectangular cross sectighHere a(e) =2me/#? arclength along one of the edges. The width of the wirk.igb)
in the case of electrons of energyand massm, whereas  Scattering problem in thiY frame. Here the wire appears straight,
a(e) = €/1%? in the case of scalar phonons of eneeggnd  but the curvature induces an effective potentilthat causes
bulk sound velocity. Electron spin is of no importance here scattering.
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waves because in this case the wires are usually freely subcally perpendicular coordinaté. Which edge one chooses

pended. is of course arbitrary. The direction of increasivgwill be
Although the wave equation in El) is certainly simple, chosen so thaX,Y, and z form a right-handed coordinate

the scattering problem described here is complicated becauggstem_ Both edges are assumed to be a smooth plane

the boundary condition&) are applied along the curves de- cyrves?3

fining the two edges of the wire. Our approach involves re-  The unit tangent vector

writing Egs.(1) and(2) in terms of new curvilinear coordi-

natesX andY, dictated by the shape of the wire, such that the _dr_dx dy

wave equation becomes more complicaiéet wire’s curva- &= ax ~ ax> " ax® )

ture produces an effective potenjiabut the boundary con-

ditions become trivial. We chooséto be the arclength along and normal

one edge of the wire, andl is locally perpendicular. This

transformation allows us to apply the standard techniques of e =- ﬂeﬁ %ey (4)

scattering theory, including solution of the Lippmann- dxX ® dX

Schwingv_ar equation, in thEY frame. define local orthonormal basis vectors for ¥ frame. The
A particularly novel aspect of the phonon transport prob-Sign in Eq.(4) is chosen so tha, X ey=e,. We then use the

lem is that the reflection probability always vanishes in the ;

long-wavelength limit, permitting an analytisecond-order Frenét-Serret equation

Born approximatioptreatment at low energies. The energy- dey

dependent transmission probability is then expressed as a — = k(X)ey (5)
simple functional of the curvature profikgX), making pos- dXx

sible a straightforward analysis of a variety of wire shapesto define a signed curvaturgX) of the Y=0 edge. Accord-
The fact that long-wavelength phonons have perfect transing to this definition,«(X) is positive whenY increases to-

mission is a consequence of the rigid-body nature of thgyard the center of curvature. We will also make use of the
underlying system: An elastic wave with infinite wavelength metric tensor

is just an adiabatic rigid translation of the wire, which must

transmit energy perfectly. |@-xn? 0
There has been considerable attention given to mesos- 9= 0 1

copic electron transport through curved wires and wave

guides? but none to thermal transport. Electron transmis-in the XY system.

sion probabilities in curved wires are usually obtained by

mode matching, a method restricted to piecewise separable

geometries(wires composed of straight segments, circles,

and other shapes where the wave equation is separdble Next we make a coordinate transformation frento R

related problem that has been studied extensively is the fo= (X,Y), and rewrite the wave equation in terms of these

mation of electronic bound states and resonances in curvegPordinates. A convenient way to do this is to use the identity

wires, where the mapping to local curvilinear coordinates is J J

also often use&®2’ Surprisingly, we are not aware of any V2= (detg)-UZ—(detg)l/Zgﬁl—_ 7

work using moving frames and then directly solving the re- X 9%

sulting Lippmann-Schwinger eq_uation in that basisor _ The Helmholtz equatioll) then becomes

are we aware of the use of this method in the extensive

microwave engineering literatuf®3° where the(more gen- [0%+E-V+a]®R)=0, (8)

erally applicable but purely numerigalfinite-element

method is the technique of choice.

(6)

B. Helmholtz equation in curvilinear coordinates

where we have separated the combinaign & from the

In the next section we carry out the above analysis for thénang_terg\?hthat appear on the _rlgiht-hanc]!fsmtl_e of(IE)?.anr}d |
two-dimensional Helmholtz equation. In Sec. 1l we consider_(f_?]m m;a i Tvrem.?m'l?g %ﬂgs m;? ?n € ef[: |v_e pote Il'a't
electron transport through a circular right-angle bend, recov- € potentialv: IS 1tSell a diflerential operator, an explici
ering results obtained by Sols and Macdeind by Lin and expression will be given below. The boundary conditig?)s

Jaffe’? using mode-matching methods. Our main results ar&'€ now
given in Sec. IV, where we address thermal transport through ®(R)=0 (for electron,
curved wires. Section V contains a discussion of our conclu-
sions and the experimental implications of this work. AD(R)=0 (for phonons 9)
Il. APPLICATION TO SCALAR WAVE EQUATION on the edge¥=0 andY=Db, with b the width of the wire. A
We now explain our method in detail and apply it to the scattering stateb(R) becomes fully determined once we
scalar scattering problem stated in E¢h. and(2). specify its behavior aX— * .
N ) In the XY frame the wire appears straight, as illustrated in
A. Curvilinear coordinate system Fig. 1(b). The scattering potential vanishes in the leads be-

First we use the shape of the wire to define a curvilineacause the wire is straight there. We are now able to use
coordinate system, the arclengkalong one edge and a conventional scattering theory.
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200

2

—— for electrons,
€min = 2mb? (16)

0 for phonons.

150

For each value of energy, the branch index takes the values
“—g 100 in a setS of integers defined by

1,2,... N for electrons,

S= { (17

50 0,1,2,...N for phonons,
where
0
-10 -5 0 5 10 © 2772
okb N = @{a(e)—%] -1, (18)
n=0

FIG. 2. Dispersion relation for unperturbed scattering states, for
both spinless electrons and scalar phonanis. equal to Me/%2 in
the case of electrons, @f/%%? in the case of phonong: is 1 on
the right half of the figure, and -1 on the left.is the wire width.

with ©(x) the unit step function. For electrors,is the num-
ber of propagating channels below energywhereas for
phonons the number of propagating channeliNisl. Fi-
_ nally, for each allowed value oé¢ and n, o takes on the
C. Unperturbed scattering states values +1.

The unperturbedV=0) scattering states for both spinless ~ The free scatterin_g states satisfy the orthonormality and
electrons and scalar phonons are labeled by three quantu@Mpleteness conditions
numberso, n, ande, and can be written in the form

fdsz);—ne(R)(ba’n’e’(R) = Oy O Oe=€') (19

bone(R) = Cr ™0y (), (10)
where and
Kne = \a(e) — (n7r/b)? (12) f de> X donR)dondR) = 8(R-R’), (20
€min o=t1lneS

is the wave number along the wire, wheren takes the values given in E(L7).

\2_/b sin(nY/b) for electrons, . _
xn(Y) = 12) D. Effective potential

it

V(2 = 8y0)/b cognwY/b) for phonons

" P The terms#+d2 have been separated out from the right-

is a trigonometric function satisfying the transverse boundary?and side of Eq(7) so that the eigenfunction®(R) reduce

conditions of Eq(9), and to that of a straight wire whelW'=0. Accordingly, the effec-
tive potential is given by

&kne 1/2

de

13 K2Y? = 2kY K'Y K
_ P o+
T @-kY)2 K (1-kY)3 1-kY

is a real normalization constant. is a chirality index, de-  There will be no singularities iV as long as
fined by

Cnf

1
om . (2D

—o< khb<1. (22

(14) The condition(22) guarantees that both thé=0 andY=b
edges of the wire are smooth.

In applications where the radius of curvatike® is much

ger tharb, Eq.(21) can be simplified. To leading order in

kb the effective potential reduces to

+1 if moving in the +X direction
-1 i moving in the —X direction’

and n is an integer-valued branch index. The transversg,
eigenfunctionsy,(Y) are normalized according to

b 2 ’
V==2cYdy— k'"Y(1 + 3xY)dy + Kdy. 23
| at0m ) = (15) )T VAE 3N (Y
0
The dispersion relation given by E(L.1) is shown in Fig. 2. E. Lippmann-Schwinger equation
The allowed values of the quantum numbetsn, and e The scattering problem in thé¢Y frame can be solved by
are as follows: The allowed energies form a continuum, fronstandard methods. The Lippmann-Schwinger equation for an
€min t0 . Here eigenfunctiond®(R) with (electron or phononenergye is
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lim &= . 31
(I)(R)z¢in(R)+fd2R,GO(RvR,,5)V(D(R,)| (24) b PR sy
. . L and
where ¢,(R) is a free scattering state coming in from the
left, and whereGy(R,R’, ¢) is the Green’s function for the limd =2, tn(€) Pres (32
unperturbed Helmholtz equation, satisfying X=%  nes
[%+#+a(d]GRR §=8R-R), (25 Where
along with the boundary condition th&y(R,R’, €) vanishes (&) =6,y - i_<¢Rn’€|V|¢> (33)
as|X-X'| — . The Lippmann-Schwinger equation gives the ton 9nn 2 Kyl
solution of Eq.(8) subject to the condition thab(R) reduces
to the incident states;,(R) whenX— —c. is the amplitude for an incident wav&,n, ) to forward-
The unperturbed Green’s function for both electrons andcatter to(R,n’, e). tyy(e) is called the transmission matrix.
phonons is We emphasize that for the case of electron transpt,
is anN X N matrix, whereN varies with energy as indicated
) Yo xn(Y") iy XX in Eq. (18). For phononsi(e) is N+1 dimensional.
Go(R,R',€ HEO Kk, elnd X, (26) The expectation value in E¢33) involves the exact scat-

tering state® with boundary condition corresponding to an
We note that the summation in E(6) is not restricted to  incident statgR, n, w). Using Eq.(27) we write this as
the values given in Eq17). In particular, off-shell values of

k.. are included. Furthermore, in the electron casenth® (bR VIP) = (bR | V| brre)
term in the summation vanishes, because the transverse .
eigenfunctiony,(Y) vanishes. +f Dr {RIVRG(R,R’, €)Vr drne(R'),

We will also need to write Eq24) in the alternative form
(34
®(R) = ¢(R) +f d’R'G(R,R",e)Vé(R’), (27)  whereVgandVg act onR andR’, respectively. The numeri-
cal method we use consists of expressing 28) in a basis
whereG(R,R’,€) is the Green’s function of theerturbed Of unperturbed scattering states, solving this equation by ma-

Helmholtz equation, satisfying trix inversion, and using Eq34) to obtain the transmission
matrix in Eq.(33).
G(R,R’,e) =Gy(R,R’,¢€) Finally, we define the energy-dependent transmission

probabilities T, and T, for electrons and phonons that de-

+fdZR”GO(R,R”,e)VG(R”,R’,e). (28)  termine the electrical and thermal currents. For electrons, the
relevant quantity is the ratio of transmitted to incident charge
current, given by

N
Te(€©= 2 |tay?=Trtt. (35)

nn’'=1

F. Transmission probability

The transmission coefficient matrix, (e) gives the prob-
ability amplitude for a right-moving electron or phonon to
forward scatter from branch to branchn’ at energye. We  For thermal transport by phonons, the relevant quantity is the
definet,, () to be zero if one or both branches have minimafraction of transmitted energy currefitgiven by
abovee. N

We can obtain a formal expression figf, () by writing => Vi 2

.. , . Tph(e)_ |tnn’| ’ (36)
the X— oo limit of the unperturbed Green’s function as

2 ¢Rne )d’Rne(R )

neS knec

n,n’'=0

wherev,(e) is the phonorgroupvelocity in the straight wire,
which can be written agv?k,./e. Because the bulk sound
velocity v is a constant here, and the scattering is elastic, we
where the subscript® denote right-movindo=+1) waves. can equivalently write Eq(36) as

Go(R,R",e) - — = , (29

The summation in Eq29) is now restricted tm< N because N
the higher lying contributions are exponentially small in the o= Sey 2 (37)
X— oo limit. Then from Eqgs.(24) and(29) we obtain n K, ' M

n,n’=0
: (Prnd VIP) i i

)I(|m ®(R) = ¢Rqe(R) E Ene' | br(R), (30) with the k. given by Eq.(11).
—® neS Ne“ne

where the incoming right-moving wave is assumed to be in G. Landauer formula

channeln,. Therefore we conclude that The charge currentand linear conductance
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| — P
G = I|m - (38) T T T T T T T T T T |t11|2
V=0 I ===yl
- 2
are related to the electron transmission probability(e) - 1_ """" [t
through the Landauer form®a Z 0sh i e Iy
g i P 2
e 0 "g | | ; \._\ —_—_ |t23|2
| = Py . deTg(e)[nE'(e) — nEr(e)]. (39 5 06F : N =
@ . \, B
Q u 1 .\ \;
e . . E : - -
Herenf(e) andng(e) are the Fermi distribution functions in 2 941 : e ..____‘_-x .
the left (I) and right(r) leads, with chemical potentialg, 57 i ,/’ y Pty
and u, differing in proportion to the applied voltagé=(yw, 02 ! ,," / T
—m)le. I % A
.. 0 1 l' 1 1 .
Similarly, the thermal currenit, and conductance 0 2 4 6 8 10 12
e,
Gy = lim (40)
e To0AT FIG. 3. Individual electron transmission probabilitigs,|> as a

] o _function of energy for a circular right-angle bend wiih=1.20.
are determined by the phonon transmission probabilityjere A = 7242/2mL?.

Ton(e) according &1
1 (= value ofR/b [see Fig. 2a) of Ref. 31. Our result forlt;;(e)|?
Ith:ﬁf deeTph(e)[nQ(e)—ngf(e)]. (41)  also agrees qualitatively with that calculated by Lin and
0 Jaffe? for a right-angle bend with a slightly larger curvature-

nll(e) andnli(e) are Bose distribution functions in the left (S€€ Fig. 8 of Ref. 32 o _ _
and right leads, with temperatur&sand T, . _ The total_electron transmission probability(e), defmed_
in EqQ. (35), is presented in Fig. 4 for the same curved wire.

At energies given by
e=n?Ay with n=1,2,3,..., (44)

IIl. ELECTRON TRANSPORT

We turn now to an application of our method to coherent
electron transport through a circular right-angle bend withwhere A= 7242/ 2mkt?, additional channels in the wire be-
outer radiusk and widthb. In this case the curvature profile come propagating and contribute to the transmission prob-
is ability. The threshold energie@l4) follows from Eg. (11

and Fig. 2. The principal effect of the curvature in the wire is
k(X) = é(a(x)@<%? _ X), (42) to soften the transitions at these thresholds.

IV. PHONON TRANSPORT
where® is the unit step function. The origin of th¢€ coor-

dinate is taken to be one of the locations where the straight e turn now to the main emphasis of our work, the cal-
and curved sections of the wire meet. culation of transmission probabilities for two-dimensional

As explained above, the numerical method we use to cal$c@lar phonons with energy=fi» and(bulk) sound velocity
culatet,,, () requires the matrix elemente,n V| dyno) of U to propagate through _curved wires. We are not aware of
the effective potential21) in the unperturbed scattering any previous work on this problem.
states(10). However, matrix elements of the second term in
Eg. (21), which contain the curvature gradient

K’(X):F%[é(x)—%x—%?)] (43

involves integrals of a delta functiofitimes functiong=(®)

of 0. Integrals of this form, involving products of general-
ized functions, have to be evaluated carefully, as we show in
Appendix A. Apart from this technicality, the application of
our method to this geometry is straightforward.

Mesoscopic charge transport through bent wires has al-
ready been studied extensivétyand we will only consider
one case of this, nameliR=1.2b. First we calculate the in-
dividual electron transmission probabilitid,, (e)|> from
Eq. (33) for the lowest few channelsandn’. The results are
given in Fig. 3 and are in excellent agreement with the FIG. 4. Total electron transmission probabilify, System pa-
mode-matching results of Sols and Macdtdor the same  rameters are the same as in Fig. 3.

)
T

[ye]
T

—_
T

total transmission probability

=

12 14
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transmission prob.
o O OO
o B o 0 —

ST

o o o0 —
T

transmission prob.
o O O O

St

L 1 L | L
E:/Aph OO 1 2 3
T (K)
FIG. 5. Individual phonon transmission probabilitigs, | as a

function of energy for a circular right-angle bend wis 2b. Here FIG. 7. Dimensionless thermal conductar@g/G, as a func-
Aph= v /b. tion of temperature, for a 100 nm curved Si-like quantum wire, with

outer radiusR=1.00b. HereGy= 7k&T/6h, which is itself linearly

. . . .., proportional to temperature.
As before, we consider a circular right-angle bend withP"P P

outer radiusk and widthb, with curvature profile given by ) ) .
Eq. (42). The method of solution is the same as that outlined !N Fig. 7 we plot the thermal conductanGg, in units of
in Sec. IIl and Appendix A, except that the transverse part$he “quantum” of thermal conductance

of the unperturbed scattering states, defined in(Eg), are 2
. 7Kg T B
now different. Gy= ~ 0.95T pW K2, (46)
In Fig. 5 we give the individual phonon transmission 67

probabilities |t (¢)|?, defined in Eq.(33), for the lowest
channels in a smoothly bent wire wikr 2b. In Fig. 6 we do
the same for a more tightly bent wire, wik=1.00D (inner
radius is 10%b). At energies given by

for a curved wire of widthb=100 nm and outer radiuR
=1.00D. The scalar phonon velocity is taken to be 8.5
X 10° cm s, the longitudinal sound speed in Si. The ther-
mal transport is hardly affected by the curvature in the wire,
€=nAy with n=1,2,3,..., (45) as can be seen in Fig. 8, which compares an expanded plot of
N . ] Gin/ Gq to that for a straight wire. The greatest suppression

whereAy,= 7fv /b, additional channels in the wire become gccurs near 200 mK and is only about 0.5% of the thermal
propagating and contribute to thermal transport. conductance quantum.

In both examples, transmission is nearly perfect in the |t is physically unrealistic to consider a 100 nm wire bent
low-energy limit, e< Ay, limit, where there is only a single  more sharply tharR=1.00D, because the inner radius of
propagating channel. At higher energies, scattering does 0:10 nm in this case is already approaching atomic dimen-

cur. However it is mostly in the forward direction, and the sjons. However, for a wire of width=10 #m and the same
fraction of transmitted energy,(e), defined in Eq(36), is

essentially unchanged from that of a straight wire. 1.05

1.04 4
_8' L
£ 1.03 -
g [
g = 1.02 -
‘2 Q L
g © o1 -

N | L | N
0 0.1 0.2 0.3 04
T (K)

0.98 : '

transmission prob.

FIG. 8. The solid curve is the same as Fig. 7. Dashed curve is
the dimensionless thermal conductance for a straight Si-like wire

FIG. 6. Individual phonon transmission probabilititg,|> as a  with b=100 nm. Thermal transport is hardly suppressed by the
function of energy for a circular right-angle bend wR*=1.00Db. bending.

085414-6



MESOSCOPIC ELECTRON AND PHONON TRANSPORT PHYSICAL REVIEW B 70, 085414(2004)

I wire shapes to be addressed quite simply. Although an analo-
< 1 gous perturbative expression can be derived for the elec-
E-O.S tronic transmission probability as well, the form of the trans-
206 verse party, of the unperturbed scattering states, as dictated
E04f ' ™ by the hard-wall boundary conditions, then leads to a diver-
5 02F ! . gencein the Born serig,consistent with the fact thak,,

T I ) 3 el —0 in the long-wavelength limit.

s f . . . — __ lti;z ~ We conclude with a brief discussion of the experimental

Eosl T N implications of our mesoscopic thermal transport results, the

§ 0.6 i NS L IZZIZ charge-trasport case having already been discussed in the

204l aNE ol = literature?>3* Thermal transport in carbon nanotubes has

g 02f N/AS SN s been studied experimentally by several grotfd! and

=0 1 1 3' """4‘ 5 nanotubes would be interesting systems to use to investigate
E/Aph the effects of bending on transport. To apply our method of

analysis to this system would require the consideration of
scattering of elastic waves in a curved, hollow tube. Al-

FIG. 9. Individual phonon transmission probabilities, |2 as a . .
P P | though they were obtained for scalar phonons in two-

function of energy for a circular right-angle bend witR

=1.00000b. dimensional strips, our results do suggest that the effects of
curvature will be small, if not completely negligible, in these
inner radius of curvature, we haw=1.0000b, the trans- systems.

mission probabilities for which are shown in Fig. 9. The

transmission probabilities wheR=1.0000b are similar to ACKNOWLEDGMENTS
that for R=1.00b, shown previously in Fig. 6, as is the
thermal conductance. We find in that in a Afh Si-like
quantum wire withR=1.0000b, the greatest suppression in
Gy, occurs near 2 mK and is again only about 0.5% of th
conductance quantum in magnitude.
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cowe, Andrew Cleland, Dennis Clougherty, and Kelly Patton

We have introduced a general method to calculate the, seful discussions, and Aleksandar Milogefar his con-
transmission of scalar waves appropriate for mesoscopigiyutions at the beginning stages of this work.
electron and phonon transport through a curved wire or

waveguide. Applications to electron transport accurately re-
produce results obtained by other methods. Phonon transportAPPENDlx: INTEGRALS INVOLVING PRODUCTS OF
through curved wires is considered. DIRAC DELTA FUNCTIONS AND STEP FUNCTIONS
Our results demonstrate that curvature hardly suppresses Here we discuss integrals of the form
thermal transport, even for sharply bent wires, at least within .
the two-dimensional scalar phonon model considered. This
behavior can, to some extent, be understood by considering f_m dx HO(X)]oX), (A1)
transport in the extreme long- and short-wavelength limits.
In the long-wavelength, low-energy limiT,,,— 1, a conse- whereF is twice continuously differentiable, an@(x) and
quence of the rigid-body nature of the wirg,, also ap-  &(x) are the unit step and Dirac delta functions, respectively.
proaches unity for short wavelengths, because in this limitntegrals of the forn{A1), which involveproductsof gener-
the phonons cannot sense the curvature. alized functions, depend sensitively on h@wx) and &(x)
Because the phonon reflection probability always van-are defined. It will be necessary to defi@gx) and &(x)
ishes in the long-wavelength limit, a simple perturbativeaccording to their appearance in this work.
(Born approximatioptreatment is posssible at low energies.  The step functior®(x) appearing in Eq(A1) originated
For example, the energy-dependemtO transmission prob- from the curvature profile of Eq42) used to describe a

ability is circular segment of wire connected to a straight lead, and the
ltoo2= 1 —|rod?, (47) delta func_tion comes from its dgrivative with respect to
arclength in Eq(43), which is required by the effective po-
where, to leading nontrivial order, tential V of Eq.(21). Therefore we requir®(x) to be smooth
iho ' o (on some microscopic scaland continuous, and(x) to be
foo==5 1 PRER €9V, Gy(R,R’, €)Vr e/, related to it by
(48) %(@(x) = 8(x). (A2)

Vg andVg act onR andR’, respectively. This result allows
the low-temperature thermal transport though a variety ofVe also require, of course, that
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lim ®(x)=0 and

X——

limd(x) = 1.

X—00

(A3)

The precise shape @(x) nearx=0 is immaterial, but with
no loss of generality we can require tH&(O):%.
Integrals of the formAl) are now well defined. For ex-

ample,

r d{O(X)5(x) = 3,

dx@(x) 8(x) = 1, (A4)
as expected, but

(A5)

PHYSICAL REVIEW B 70, 085414(2004)

AHOCOT'0) = —

o (for n>0)

f (AB)
which is different from the naive value {)@(0)]“=(%)”, un-

lessn=1.
The reason why

J : dxFO(x)]8(x) # F[O(0)] (A7)

in some of these examples is because the delta function is
distributed over a small but finite region &f whereadd(x)

and F[®(x)] are generallynot slowly varying over that
length scale. We conclude, therefore, that integrals of the

instead of;ll. These results are obtained by integrating byform (A1) appearing in the evaluation of matrix elements of

parts and using the behavior 6¥(x) as x— +o0, not by
evaluating®(0) and[®(0)]2. More generally,

V, have to be evaluated using integration-by-péstsvith an
equivalent method
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