
; ' i l  , {
d  I ' o - 1 i

, t l ) c l

' ' J

I
t

t

I

I
I
t
{
I
I
I
I
l
t
r
I

I

i
i

I

:l

t
+

Iordanskii and Lifshitz-Pitaevskii Forces in the
Two-Fluid lVlodel

M.  R .  Ge l l e r . i  D .  J .  Thou lcss . r  S .  W.  Rhee . l  and  W.  F .  V inenJ

\ Depart,ment of Phus'tcs. [ . inzt:t :r 'sr, lu o] Gt)or' !za. ; l thert,s GA ,j060,1. t , '5.4
: l)t:'y:trrt,m.ent, oJ Plt,us'ics, Li'n,t,'Ltr:r'situ ot' Wo,slmuTtort. ,Jeuttlt:. tl'A !),919,5. t:5,)

'Scltool oJ' PltysLr:.s. Lin,tuer,s'i,t,tt oJ Birmi,n,qltu,'rn. Ilirntr,ntllrrtn R15 .JTT. LiI\

I t  l to,s lrcen A'noutn si,nce t,h,e ptonr:r ' . t ' i , t tq trrtr '1,: o. l 'On.suqer rt,rtd I '?qrt,rrt t trt ,  t l tr t t

thr:  s l t t t .st i . r :nl ,  t r t ,e.cl ta 'nic. .g t t r t r l .  t l tyr t t t t t t t r ' ,s t t . f  ' t tot ' t t . r :e,s 
l ) ld, t l  ( I I t ,  / i .s,(rrn l t rr , l .  i ' t , i t  in

thr;  l te. l t , r t , t : ior o. f  ,st tpe.t ' . f l t t i ,ds tr  r td,sLLltr : t ' t : t t r t .d,r t t : t r t r .s.  Hott ;r :  t , t :  r ' .  t l r t  t l tcr trr l  o. f '

t tot ' t , i .ce.,s i .n,  qtr ,rr ,n, tLLrn JI tnds renrrt , i , r t , .s in o rnost rutstLtt .sfu.: t .ort1 ; tu. t t .  r .L:  r t , l t ,

con,f l i r : t i . r t .q n:.stLl ts i rL th,e. l i l r : rnt tn ' t : .  I r t  l l t , ts pu,per ut( :  t ' ( t?t 'Lt :u;  l l t r :  t l t t ,orL1 rtJ

Thot t l ,e . .ss .  , lo , tnd  ) { iu .  uh ' i c l r ,  ( l t i t . t te . i  ( tn  ( , . t ' L ) r '?ss to tL . fo t ' t l t r :  to lu , l ,  l t ' t t t t , s l ' c / ' , s r : '

. f 'o ' rr :e t t r : t , i ,n,g on, e q' t rort t ized L'r t r tet :  thet,  i .s i , r t  apTtnrr:nt  d, isuqrcr: trrent.  t r : t th the

,r1s;[ :  o. [  Iorr lon,sA; i , i  urtd of Li , t 'shi tz nrtd,  Pi lu, tusk: i i , .  In,  port ' i r : t r , l ,u ' t ' .  r to trurt ,sL,er ' .se

.force: proport i ,onul Lo t . l - te asymplot i , r :  normtt l  J1,u' i r l  t te loctt l l  utu.s. l 'ot tr t , tL.  l l t t '  r t : ; ( :

Itr;o-.fl,tri,d lrydrrtdtln.u,m.ir:s to strtrl.q th,is rLi;c:r'r: 'pe,It,(:tt.

PAC'S rur,rr tbers:  67.40.Vs. 7J.60. Cle.  J ' / .J7.  +11

1. A HIERARCHY OF LENGTH SCALES

A cornprehensive theory of rroltex tlynarnic.s itr quantttrrr flr-ricis l]lust a(l-

clress phenonrena occrrrr ing at thr.ee cl i f ferent lengtl i  scales. At t l ie sural lest.

rtrost rnicroscopic scale. it lully (llrantum mecirauictrl treattnettt ttl'a vol'tex.

i trclucl irrg i ts internal st lucture. interaction rvith eletneutary exr: i tzit iotrs sttch

as pironons a,nd rototls. and interactiori rvith disorcler. is I'eqtlil 'ed

At the next-rvhat rve shall lefer t,o as intermecliate length scaie. onc

would like trt legard a r,'ortex as a, classical ob.ject. sub,jet:t to tL r:la^ssical

cquation of motion. Of course, there is uo gr.tarautee that we c'an clo tliis.

ancl. indeed, certain pathologies lesult ir t . im oul tnsistenct '  in cloirrg so. l tnt

experience has sho'wn that this cla,ssicai picture is extreureiy srrcc'essftt l .r

There are clifferont wavs to fbrmulate tire clzrssical apploerch. If rve let

R(i ) clenoter the posit ion in the : ly plane o1'the cent,er of an isolatecl straight

4 l l
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412 \I. R. Geller er a/.

v ( l r l r l x  ] i t te .  sa t ' .  r t s  a  i i tn r r t ion  o t ' l i n ic r .  rve , 'o r r id  111 '1 ro thcs iz r , ; . r  p l re r io i l re l lo -
logr r :a i  ec lua t ic i r i  o l  n ' r r i t io r r  o1 ' t l ie  tb rm

( 1 )

Here rve ltave t:tkeu the t: i t 'crt i i t t iolr \ ;ector K t-r i  thr- 'r ' t) [ tex. lr  r, 'e(:tr)r p;r i . l l l lel
to  t l ie  vof tox rv i t l t  a  r r tagt t i t r r r ie  ec l r ra l  to  the r : i lc r r la [ ior r .  to  l rc  a ior ru t i rc . :
r l i rerct ion. The f irst tw-o telnrs on t. ire l i , f ,ht-hancl-sicie of ( I  ) iLle to irrclrrr lc
al l  forces I incar in the t,ot ' tex l 'elor.: i tv. Tl- ic r:oeff icients ' \ [ .  r1" anrl ^,. n. lr ir :h
rlescribe t l te vot ' tex eff 'ective tni-rss l-rt ,r 'rrpi[  [ '1gth. \ ' i :r-(:olrs r l lr .pipipr,, l i1'r:e pc'r
rrnit lerrgth. and nonri issipativt- ' trarrsverse {brce per rurit  lct igth. respcr:Lively.
:l.r'e to lre detet'mined fi'om a rrricro.scopir' 1,heor.v. irs :u'e l.lrt: "pinninq" ;utcl
"clriving" fbrces per urrit lengt,ir f,, and dt. Ther lattel' rrav dcpt:rrd on the
uormal and superf luid densit ies ernd velocit ies. and thereforer otr the vor"rgx

l losit ion R. l tut do ttot ciepetrcl on the vortex verlocitv. lu iL srr l-rt ' r ' f l rr ir i .
frr tnigirt rlescril-re the force erxet'tecl irv ;rn extemally iurlroseri rvile. rLrrcl f,i
would include the superf lnid-vejocity-c1c'1_rerrdent 1;alt o1' t ,he \ laqrnrs 1or.ce
(see ltelow) turd l tossi i i lv ot irel '  volt,ex-velor: i ty-incleltendent r.orrt l i l rrrt , ions.

At the tnost lnacloscolr ic ,sr:; l le oue rreerls to uncler'-stzrncl horv l ,he fbrr:t :s
arisin,g at t ,he iutelnredtate s<::r le :x:t t ,o r letr:nnirrc the lrrr l l i .  t ,xpet' irneutal iy
oirselv;rble i-rt 'opert ies of r luanturn f lrr ir is. ' Ihe iength sc;r le t irat usuzrlh' r l t>
f ines this reginre is the chalar:terist ic irrter-voLtex ci istatrce, aucl one is inter-
ested in coarse-grained properties of tlie cluantum flnicl at, si:ales larger than
that r i istance. In superf luids. t ir is is the legime where the corrcept ol nnrirral
fr ict ion applies. N4utual fr ict ion lefer.s to zl rnorneuturn tr ' : insl 'er. rvith iro1[
lougitudinal and t lansverse corrlporents. between the normal anrl supr.r ' f luicl
parts of a r l t tantum fluid.1 Although srrr:h irn intela<:t ion is alrsr:nt in the
trvo-f luir l  rnodel i tself.  the pt 'esen<:e of 'vort iccs rnediate rL lrrr lk uiorlrentum
excltauge. Sirni larh'.  iu sttprerconductors oue neerls to understanci horv the
Lot'entz force. pinning. trncl other iuter-rnecliat,e-scale fbrccs cclnslrirc to dctc.r'-
tnine, say. the Hall effect in the rnixe.d state. rvhich clepends orr the r:ol lective
motion of a rnacroscopic nunrber of vttrt ices.l

Our recent s'ork has fbcused mostly on the intermediate length-scale
regirne. nanlely', the detelmination of the various lbrces that uct, on vortices.
After a brief general review of' that work ',ve shall discuss orlr new resllts
on the problem of the Iordanskii  and Lifshitz-Pitaevskii  fblces. rvhich haye
been subjects of sotne controversy.

, ,  
' / t R  _
.1 t . !

r1R rlR- t t  
( h  

- 1 ; ;  r e - - i - f r ' ( R )  + f r ( R )



Iordanskii and [,ifshitz-Pitaevskii Forces { 1 3

2. THE TAN THEORY

The TlL;tr icss-Ao-Niu (TAN) theulv3 iur(.[  i ts genr:r 'al izat, iorr to u][r.u-
cleiur t,r 'pc-l l  sttpelr:onclrtt ' tols-1 start rvith the apprrt l-rt ' r i i tr '  { 'Xi:r( ' t  inlrrn,- lrot iv
I larrr i l t .<lniatt i i t td int hrclt '  ;r  1-r irrrt ing poteulial t :rrrt ,crcr[ ; t t  R. u'hit :h is ;r]so

the l ros i t io t t  o f  l l te  vor tcx.  The vor t ( - 'x  is  then t l r ; rguet l  u ' i t i r ; r  vc ioc i t r -  \ r - .
; i trd i t  l f i t l lsv( ' t 's( '  tbLt:r '  f  r- :  e, x V f t /1. j , ,  is frtrrrrt l .  I Ict ' t '  j , .  is t [e glytr-rpit: tLl

rur ) t t t t : t t t t t t r r  < l t t t t - . i t , r ' .  rn t r l  the i ine nr t ,eg la. l  is  taken rLrorr r r r l  ; t  LLr l , r ' t : r i ' r ' le  er rc lc . ,s-
irrg f hc l ' r)r ' tcx. Evir lorrt ir , .  the t lansverse lblc:c is int l :penclent of t lre t letarlcrl

rn ic toscopi r :  s t r t t t ' t tn ' t 'o l  t l re  r .or tex an<1 i ts  i i r ter ' ;u ' t ior r  r r , i t l i  the r ronrra l  f l r r i , l .
ht ; t .  rrcrrtr i t l  Bose r:r Fitrt tr i  superf luit l ,  j .  :  7),ve - i  / /rrv.. ;Lurl thr, irr- '1i i t . t '

In
t o

t '

$ rl , I .  j , ,  :  pr.I(s * p,,-I f , , .

tht: t tolt t tal f lrr id ( 'ol l l i )onerit .  r ' isr:ositv crirrst 's irrrv \ 'ol
cl i{ luse lrwil \ '  1o thc: r,xrtel lrorrnclary. ,"o /t , ,  r 'anisircs irr

( 2 )

trtx-i i l t :  r : irr:rr iatt ior r
c<p r i l i b l i t rm .  ; r r i t l

f  :  1.r .K* ,< V. 1: i )

I l r  ; r  c l ia r .ge( i  s l r l )L ' r l lu ic l  o r  supe lconc l r r< : to r ' .  l r c lv t ' r ' r ' f .  t l r t '  H i i rn i i tou i l r r r

r : t , . rntr1ir is a,  <' t t l t 'et t t -( ' lu ' r 'cr . t  infelzrct i t - ln t ,elrn l l iut  rutrr l i f i r , rs t ,htr  vcior: i ty ol)er ' -

a, tor ' .  
' fhe 

r ;anott ical  rncrrneu.turn t lensi ty c ' ln be cxpresseri  i r r  tenrr.s rr f  thrt

p ln ' : i ,  rL l .  qaugc- i r r r ' ; t r ran t  r r i ( )n r ( ' r . l tunr  , l c r rs i tv  j  :  j ,  , -  - ' ,A .  i , ' s r r l t i r rq  i r r

f  ,n  i , :  f  r l  ( i  -  i 'A)  -  pe6 Oo = l tc : |2e, . ( { )

' f  he second equali t f  irr (4) lbl lows f i 'om the \teissrrel cf iect. rvhich ciruses

to vanish at larse t l istarrces. aucl f t 'om fl trx rruantizatiou. l 'heleibre.

f ,  - p K " ; < V .

rv l ie l t - r  p :  ps *  1 , l , ,  is  t l re  to t : r l  u tass c leus i t t 'o t ' thr :  f l r r i r l .

( 5 )

3 . A HIERARCHY OF CONTROVERSIES

\ l 'e tru'n lrow to a l l ' ief r l isr:ussion of sonie ot ' the t:outrovelsies in t ir t

theolv of intelmecli :rte-scale 'n'ortex dynaurics. tbcusing ou tratrsvet'se fblces.

ancl olganize<l according to the couiplexitl' of tlie clrantrtur fluicl in clttestion.

It seenrs i i ,p1-rropli i i te to slalt bv lecall ing t lesuit oI ciassical ]ryrirodr'-

narnics. the l ,{agnus force: When a vortex rvith circulatiorr K is clraggecl rvith

velocit.) 'V t lr lougir irn ideal f luit l  ot 'nras.s , lensitr ' /) .  ir ,  tu: i l lsver' .se fblcet l tel
rrnit length f l  :  pK x V tx;ts ou the ob.ject t loing the <h'aggirrg. The lbrce

j
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is siruilal to tire l i l t fbr.ce on ar airplane rvirr,q. Ir
valizlrrce that if the fiuicl far f i 'orn the vttrt,r,x is uut
v. then the force is instearl

l s

. \  +
a L l

cleai f i 'onr Gali lerrn iu-
lest. but hzLs a vcior. i tv

f  * -  p K >  r V - v r

Bv analogv. i t  is reasonable in a nerrtral Bose -qulrerf lrr ici  at zero tenr-
Perature to  expect  t i ra t  f_  :  psKs *  (v  -  vs) .  rv l reLr :  h*  is  the qrra l t izec i
circulation. Of course. writ ing p, here insteacl of p is albitrzrry. becir,use t lrr:se
irre equal at zero temperature.

The controversY itegins in the f initc-temperatnle uerrtral Brtsg srrper'-
fluicl. becartse Galilean invariance ailorvs a tra.nsr.erse ibrce of the tornr

f i  :  t t ,K ,  x  (V  -  v r )  -  1 rK .  :<  (V  -  v , , ) .

rvher-e c aud b at'e palameters. The fir'st terrn in (7) lurs a sirnpie classical
interpretation: It describes a Magnus-tvpe force oligina,t,ing Ii'orn t[e .rj1p{1'-
f luicl compttnetrt o1'the f luid (rernembering that i t  is the srrtr ierf luici that is
circulating). Titus classical reasoning',vould suggest that a : ps, ancl lVexiey
has lecerttlv given iltr elegant proof of thi^s.; To oru' knowleclge t,her.e [1vr:
l>eeu no criticisms of \\,'exler's theor.y.

Frotn this ciassical point-of-view. a.garin keepiug in nrind that i t  is t le
superf l t t icl  that ir^ circrt lat ing here, t ire seconci terrn iu (7) rvorrlcl |e of a lror)-
Iryclroclvn:rntic origin. I f  present. i t  r,voulcl r lescribr: a. f  fansvel 'se inter:rct ion
l letween the vortex and the excitat ions--phonons aucl rotorls-of the f l1icl.

Iordanskii0 l t ledicted jLrst such zrn in[erractiorr with phonorrs. a,ntl  Li isSitz
trnd Pitaevskii,T tbllowing earlier rvork bf i{all ancl \,-inen.s predicted o1e
rvith rotons. Note, however, that in these rvorks v. arld v,., refer. to flow
velocities near the vortex line. whereas oul cluantities a,re a,synlptotic r-alues.
But the TAN resrrl t  (3) irnpl ies o * b : ps. When conrbined rvith lVexler's
Lheory, this inrpl ios b:0. i .e., that thele ale rro t i ' rursverse Iolclzr.nski i  anci
Lifshitz-Pitaevskii  forces. This apparerrt r l iscrepanc.v has rnorivalerl ps fo
ttnderstaud better the interaction betrveen ;r r lrrantized vortex and the rrorrnal
f luid iu er neutt 'al Bose system. and to calculate the coeff icieut 6 iu (7) r l i lectl .y.
We shall  lettrrn to this cl i lect calculatiou below in Section -1.

The next controversy collcellrs tlie transvelse tblce in il ncutra,l F<-:rrni
superfluid. also described in the TAN theory. According to l{opnin a16
Kravtsov.e lo'w-enelgy quasiparticles in the vortex core also contribure ro
the transverse force linear in V. a coutributiorr not founcl l>y TAN.

Vortices in supercouductors inherit all of the above controversies and
have additional complexity of their own.10'll' !!'e iviil uot have sDace to clis-
cnss them further.

r 0 )

( 7 )
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4. VORTEX DYNAMICS IN THE TWO-FLUID MODEL

Two i r rg lcrc l ier r ts ;u ' r :  lurur i t '< l  1or ' ;L  rn icrost :op i r :  f l tco l t 'o l  thc coef l ic ier t t  1 . ,

in  Ecpr .  (7) .  F i rs t .  r . , r re  i i ls  to  so lvc rL vo l ' tex-cxt : i t , i r t ior r  s( ' i r l ; to l i l ig  1 l 'o l r lc t t t .  I t

is  l t ro l rnb ly  r :o l rect  to  r rse t i ic  ( i ross-Pi faevsk i i  t ' i l r ra t , iou t ,o  r lo  1 l t is .  t l t 's l r i t t '

ihc  lact  that  t ru : iu t  f ic i r l  thetx ' r ,  is  r ro t  t ' r i r t : r : t t ' r l  to  ]ur i t l  r r rs i t lc  t l tc  r ,or tex.

l rer ; : r r rs t - .  t l r r - '  s r : i t t , tc l i r rg  poterr t i i r l  is  kr r rq- r ' : i r tgct l .  i r r  f i r .c t .  l  l t t '  po l t : t t t i i r " l  is

srl{f icientlv lorrq-r 'arrqctl .  arr<i f  lrc i tr lrvar'<l sci i [ tcl irrg srrff icicrntly sit igtt lat ' .  that

t irere : lr 'o several rna[lrcuraticai ly iucolrr:ct scattel irrg caicrt iat ioris pLt 'st ' tr t  i t t

ther  l i t r : ru ture. l2

Irr tirer sc:trle ol lengths grea,tel than thc sizc o1' thc l'ortex ct-rlc :urcl loss

tharr the lnealt f i 'ee l tat ir lbr scattcring ot 'r:xcitat ious iry onc uuothet' .  i f  there

is such ir [ ' i lnge. t lrr:  t lyntunir:s ot 'c 'xc:i tat ions nrovitrg in the slorvlv r ' ; tr ' \ ' ing

ltackground o1'the rcrtaring srrpcr' l1rr ir l  is u'el l  rkrf irre<i. i int i  i t t  this lcgion thcr

tretdit iontr l  argunrcnts0'7' i3 give rr t ,ralrsverse fblc:c' otr t l te r:xcitat i<ttts t 'r l t tai

to  1, r , ,  K ' .  x  {V -  v , , ) .  rvhcr ' { '  v , ,  is  thc lLvc l r rqo l ro l ' r I } i t l  I l r r i t i  'u ' r '1ot : i t , r '  r t t  ; r

r i is t t rnr : t :  o1 ' t .hc o l t le l  r i t  t i re  l r re : r l t  f lce pat i r  t iont  f l ie  vo l ' l ( )x  ( 'o l 'o .  i IS t t : l1  t ls

a, cl issipativt: Iongituci inal fort:r ' .
l rr thc lcgiotr rvt: l l  l )e1r1y1r,1 ;r rr lerrrr f lr :r 'r  lr ir t l t  f lottt  t i te vottox t 'ort: .  I l t lw

velclcities alc viu'ying slorviy ancl trvo-fluici hy<h'otlytratttics provides iIlI irc:(ttl-

rate r lescript ion. The trvo-f luicl vcrrsion ol the Navicr Stokes crlt t i ' i t ion gives

tire for'<te-ruorncrrtrrnr lritliurct:. in tiris leqiott rve' ltavt: strrclittcl itttrv tot'r:t-'s

geucrateci wit ir irr ir  l l lealr f i 'eer path o1'tht: . , 'ol ' tox col 'e (: i l l r  l i t '  f t ' l t t tsttr i t tct i  t t l

lalge r i isttrrrces.l l  Wit lr in i l  l iuezrrizerl ;rpproxirtrtrt iott to t irc trvo-f irt i t l  t t torlel

thr: tbrcc <lrre t i t  t lre srr l t t ' r ' f luici l lo' ,v l t : iat ivc f,o t lur vortcx is. jrrst t , l t t t  ot ' t l i t talv

snper'f luicl N{agnus fblt:e l),K, x (V - vr). rvht:r ' t :  v. is t l te irsytrt lr tot i t ' r ' i i i t t tr

of the srrperf luicl r.eior: i t t ' .  This is givr:u lbr super'f l t t icls. ;Ls i t  is 1ol olcl i tr trry

t lrr i<ls. by t ire closs tcl 'nrs. lrctrvcen <:i lr :rr lat iotr antl 1,he sttperf luici f lorv. irr t i t t l

rrronrctrtrrrn f low telrsol '  ; inci the Bernorrl l i  l )r 'csstu'e. There se(t lns to l t t ' t  t t tr

pc-rssible nrcldificrtiorr of this everr fbr a tbrrniottic strperfluicl. sttcir a,s is srtg-

,gestr:cl by the work oi ' I{opnirr arrcl Klavtsov.c i t ' th, 'r ' t :  is t to lrrr lk i t t t t : t 'actiou

lvit ir  a stationary lrackgrotttrd.

For the norlurr i  f luicl contribntions oru cotrsit lerelt iorrs arc r l t t i te sirni lal

t9 l [ose of Hail  aurl \ I inerr.s Irr thc i irreal rcgittrc t i te fbrce is t l i l t tsttt i t tct i  l ty

t lxt viscorrs fblccr (anri arr irccorrU)auving pr'ossul 'e lct ' tn). rvhi<:h is,q(t l tol ' i t t( , 'd

lrv 1 f low velocitv iu thc dire<tt ion of ' the forr:e l l t :r t  i trcreitses trs the log:rr i t l i rr l

of rhe distance-. fi'onr the vortex r:ore. The :rsytriptotic vtrltte o1' the ttorurzrl

f l l ici  verlocity is givcn bv a r:ornbirration ol thc vulrte v,, clostl  to the corc.

and this logali thrnicni lv g,-rowing terrn. The logali thrtr ica,l ly growing telnr

has to be cut off : t t  zr cl istance R,- wir ich is r leterrrt inecl iry bhe Rttvrrolds

nuurber of the florv. by the spacimg bertweerrn'ortices. ol lrv tlie cliflusion



: l l6 Nl. R. Geller er a/.

I t t t iqt ir :r, t  1, ire i i ' r :cluenr:1'of 'r,ortex osci l iat ion. In t l ' re l inri t  consiclered by
t\N. u'ith varti.shittg-1.1' srtriill rrorrrrir.i Ilr-ricl l'elocitv. urr<l a sirrgle ver.tex i1
tLn ttt f init t :  t t tecl iuttr.  thr.s crrt-off goes to i trf iuitr. ' .  Aud v,, is neg-l igiblv srnall
i l t  < :ot r l l la t ' i r^o l l . .s r t  t , l te ; r , .svurptot r r 've ior : i l \ :  is  c ic te l rn iner l  b . t , t l ie  loqar . i t fumic
teI ' I l I .  at lr l  t l i t , '  f i r tce is pariLl lel to ther uonnal f luici t low. This t:oriciusiol is
<;ortsi.stettt  rvit ir  t ,he I iai l- \ ' iuen theolv lvlten rnutrrai f i ' ict ion lolce" I l t fn. (2)
of Ref. 8. is gttt teri t l izetl  to irrclrrr ic rt I ,r ' iursl.( l 'se conrpr)lrr lnt.

l i .eal ir^t ical lr ' .  thc k;gi i t i t i t t tr  rvhicir t lrr, ,  r:r,rt-off irrtroclnces is rrot peces-
sa,r ' i iv large t 'otttpalerl u' i th otirel '  pal ' iulreters irr the l trolr lern. I lvel , ,vhen
the Iordanskii  lbrce is ttot prrt in cxplicit iv ;rt  t lre' inuer borruclar.v. thele is
sollle t.l'iliISVeISe i<lt'c<t <ltte to tti.rt'tnal fluit[ florv. itrrt this is ltropoltional t,o
[ ln( l? , - / ) ) ] -2 '1 ! ' ,  rv i te lc  )  is  t l r r :  Ineal l  I i 'ee 1rath.  I t  is  uot  c lea l  h t . r r ,v  to  r r ra tc l r
r:ondit ions ciose to the cot 'e 'uvith t:ondit ions in the irvdrorh'na.nrir:  r-egion. but
if  i t  is assttrttecl t .hat the Iolclauskii  fcl 'ce t:a,uses vr) r: lose to t lur cole t,o rnatch
t, l t t l  viscotts lblce irr the ln'r i lodvnarnic re.qiorr. .rrrd to be lrararl lel to i t .  t6e
t 'elat ive i t t tport:t t tce of the loearithmic: term ivi l l  r lcpenci cln t irr.  rat io of t fue
kinetttat ic viscosity i l f  pi to ihe rprant,um of'  c; i lr :rr lat iorr a l iu,gr'  l i i lepratic
viscosity rvi l l  r l inrinisir thc' irnportarrce of thc logarithmic telrn in t[e f low
velocity-
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