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Abstract

It is well known that a localized electronic impurity state couples to the vibrational modes of an insulating
nanoparticle through the ordinary electron}phonon interaction, enhanced by the e!ects of quantum con"nement. In this
paper we show that an electron can also interact with the translational degrees of freedom of a nanoparticle. The form of
the coupling is dictated by Einstein's equivalence principle and is independent of the ordinary electron}phonon
interaction. We calculate the rate of electronic energy relaxation provided by this mechanism and establish its
experimental observability. ( 1999 Elsevier Science B.V. All rights reserved.
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The dominant mechanism for the low-energy
population decay of a localized electronic impurity
state in a macroscopic crystal at low temperature is
usually one-phonon emission [1]. In a nanocrystal,
however, the reduced dimensionality causes a sup-
pression of the phonon density of states at low
energies. In particular, in a spherical nanoparticle
of diameter d there will be an acoustic phonon
frequency gap *u of the order of 2pv/d, where v is
a characteristic sound velocity of the bulk crystal.
The one-phonon energy relaxation rate of an elec-
tron in the excited state of a two-level system with
energy spacing *e therefore vanishes when De is less
than +*u. Indeed, a considerable suppression of
this relaxation rate has been observed recently in
Y

2
O

3
: Eu3` nanocrystals [2].

In this paper we propose a new nonradiative
relaxation mechanism caused by the inertial
coupling of the electron to the nanoparticle's trans-
lational center-of-mass (CM) motion. This interac-
tion is present because an electron bound to an
impurity center in an oscillating nanoparticle is in
an accelerating reference frame, and, in accordance
with Einstein's equivalence principle, it feels a "cti-
tious time-dependent force. The e!ect of this
"ctitious force is observable because the energy
relaxation it provides is resonant in nature, and, as
we shall show, can be quite large for a nanoparticle
with weakly damped translational motion.

In an isolated nanoparticle with stress-free
boundary conditions the three CM translational
modes would have zero frequency, as there
would be no restoring forces. However, any mech-
anical coupling to a substrate or to other nanopar-
ticles provides a restoring force and gives the CM
modes a "nite frequency. For simplicity, we shall
assume that the nanoparticle is subjected to a
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1Strictly speaking, the "ctitious force couples to the mass of
the electron, not its charge, and cannot be regarded as an electric
"eld.

2A rotating-wave analysis shows that perturbation theory is
valid here when the energy width +c of the CM translational
mode is larger than the interaction energy gDx

12
D.

one-dimensional harmonic oscillator potential
<"1

2
MX2X2 with frequency X. This will lead to

an e!ective electric "eld acting on the localized
electron.1 Rotational motion, which would lead to
an e!ective magnetic "eld, will be ignored.

We turn now to a brief summary and discussion
of our results; a complete analysis shall be given in
a future publication. The Hamiltonian for the
nanoparticle is
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The "rst term in Eq. (1) is the Hamiltonian for the
noninteracting two-level system. Here ea (with
a"1, 2) are the energy levels of the localized impu-
rity state; csa and ca are electron creation and anni-
hilation operators. (The electrons are taken to be
spinless for simplicity.) The second term in Eq. (1)
describes the nanoparticle's internal vibrational dy-
namics. The u

n
are the frequencies of the internal

modes and the as
n

and a
n

are the corresponding
phonon creation and annihilation operators. For
the case of a perfectly spherical nanoparticle the
vibrational eigenmodes and eigenvalues can be ob-
tained analytically [3]; the frequency of the lowest
internal mode (a 5-fold degenerate torsional mode)
is approximately 2pv

t
/d, where v

t
is the transverse

sound velocity and d is the diameter.
The third term in Eq. (1) describes the harmonic

dynamics of the CM. As discussed above, the nanopar-
ticle is assumed to be constrained to move in the
x direction only. Hence, the CM translational motion
is described by a single bosonic degree of freedom,

b,S
MX
2+ AX#

i

MX
PB, (2)

where M is the nanoparticle mass, and X and P are
the x-components of the CM position and conju-

gate momentum. The fourth term in Eq. (1) is the
ordinary leading-order interaction between the
two-level system and the internal vibrational
modes. Here g

naa{ is the electron}phonon coupling;
it depends on the detailed microscopic structure of
the nanoparticle, the nature and position of the
impurity, and the spatial dependence of the internal
vibrational modes.

The last term in Eq. (1), which describes the
coupling between the two-level system and the CM
motion, is the focus of the present work. Here
xaa{,S/aDxD/a{T are dipole-moment matrix ele-
ments, which, of course, depend on the form of the
impurity states /a(r), and

g,S
m2X3+
2M

(3)

is a coupling constant that depends only on the
electron mass m and on macroscopic properties of
the nanoparticle. The last term in Eq. (1) is present
because the Hamiltonian for the noninteracting
two-level system, the "rst term in Eq. (1), is written
in a coordinate system moving with the oscillating
nanoparticle, which is a noninertial reference frame.
An electron therefore sees an additional uniform
force

F
%&&
"!mR$ , (4)

where R is the nanoparticle CM. For the case of
harmonic motion, Eq. (4) can be written as
F
%&&
"mX2R. Thus, the potential energy of an elec-

tron at position r (in the CM frame) is

;,!mX2R ) r, (5)

which, in one dimension, is equivalent to the last
term in Eq. (1). Although we have obtained Eq. (5)
classically, the same result follows by transform-
ing the SchroK dinger equation to an accelerating
reference frame and making a series of gauge
transformations.

To study the e!ect of the last term in Eq. (1)
on the electronic energy relaxation rate we calcu-
late the electron self-energy perturbatively.2 We
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assume that *e is considerably smaller than +*u so
that ordinary phonon emission is prohibited (this
allows us to set g

naa{"0). However, because the
translational motion is that of a macroscopic har-
monic oscillator, it is necessary on physical
grounds to include damping of that oscillator. We
do this by including another term *H in Eq. (1),
where *H describes the coupling of the CM
harmonic oscillator to a substrate or to other
nanoparticles or both. The leading-order Euclidian
self-energy is
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where b is the inverse temperature, u
B

is a bosonic
Matsubara frequency, G

0
(a, iu) is the noninteract-

ing electron Green's function, and D(iu
B
) is the

Fourier transform of a renormalized phonon propa-
gator D(q),!S¹ [b(q)#bM (q)] [b(0)#bM (0)]T.
The precise form of D(iu

B
) depends, of course, on

*H, and in the absence of a reliable microscopic
model for *H we shall use a (retarded) propagator
of the form
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which has a Lorentzian spectral function of width c.
The excited state relaxation rate q~1,

!2 ImRR(a, ea)Da/2
at zero temperature is found

to be

q~1"
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where f (u),c/p(u2#c2) is a Lorentzian function
with width c. When the energy separation *e be-
tween two levels is resonant with the frequency X of
the translational mode, the relaxation rate becomes

q~1"
4g2Dx
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, (9)

where q
1)
,1/2c is the lifetime of the translational

mode. The fact that relaxation occurs even at zero
temperature, when the nanoparticle CM is in its

ground state, shows that CM zero-point motion is
su$cient to produce a "ctitious force.

To establish the experimental observability of
this mechanism, we estimate the resonant relax-
ation rate, given by Eq. (9), for a nanoparticle
similar to that studied in Ref. [2]. For a Y

2
O

3
nanoparticle with diameter d"15 nm, density
o"5.0 g/cm~3, and mass M"8.8]10~18 g, we
"nd

q~1+1.8]10~4 A
Dx
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2
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where a
B

is the Bohr radius, 1 cm~1

"1.8]1011 s~1 is one wavenumber in frequency,
and Q,q

1)
X is the quality factor of the CM oscil-

lator. In particular, for Dx
12

D"a
B

and X"3 cm~1,
we predict relaxation rates of

q~1+1.6]10~1 s~1 for Q"102, (11)

q~1+1.6]103 s~1 for Q"106, (12)

The second estimate applies to a very weakly dam-
ped nanoparticle. It is simple to show that for
the 8.8]10~18 g nanoparticle considered here, the
maximum Q factor allowed by the perturbative
analysis leading to Eq. (8) is about 107 (see foot-
note 2). Although small, these rates are still much
larger than the radiative rate between the same
levels.

In conclusion, our analysis shows that "ctitious
forces produce a coupling between the impurity
state and the CM motion. If the CM oscillation
frequency is near (on the scale c) to the level separ-
ation *e/+, this e!ect provides a mechanism for
energy relaxation even when conventional phonon
emission is prohibited. We "nd that on resonance
the relaxation rate is proportional to the transla-
tional mode lifetime q

1)
. This means that relaxation

is faster when the translational mode is weakly
coupled to its environment, whereas coupling to an
appreciably damped CM mode is less e!ective. Al-
though we do not believe that the mechanism pro-
posed here is responsible for the energy relaxation
observed in Ref. [2], these estimates clearly show
that this somewhat exotic phenomena is experi-
mentally accessible.
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