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Transverse force on a quantized vortex in a superconductor
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The total transverse force acting on a quantized vortex in a type-Il superconductor determines the Hall
response in the mixed state, yet a consensus as to its correct form is still lacking. In this paper we present an
essentially exact expression for this force, valid in the superclean limit, which was obtained by generalizing the
recent work by Thouless, Ao, and NjD. J. Thouless, P. Ao, and Q. Niu, Phys. Rev. L&8,. 3758(1996 |
on the Magnus force in a neutral superfluid. We find the transverse force per unit lengthf tgpKex V,
wherep=p,+ psis the sum of the mass densities of the normal and superconducting compéhengsyector
parallel to the line vortex with a magnitude equal to the quantized circulationVaiscthe vortex velocity.
[S0163-182008)51614-1

The discovery of high-temperature superconductivity ha®fficient v, which in a neutral superfluid has been recently
stimulated a renewed interest in the statistical mechanics arghown by Thouless, Ao, and Niuhereafter referred to as
dynamics of vortices in type-Il superconductomespite the  TAN) to be y=p, K, where p is the mass density of the
tremendous progress made, however, the answer to one sfiperfluid component far from the vortex core, atds the
the simplest questions, namely, the form of the equation ofjuantized circulation. For a vortex in a neutral Bose super-
motion for a single isolated vortex, remains controversial. Iffluid with q quanta of circulation, this coefficient is simply
we letR(t) denote the position in they plane of the center y=ghn,, with ng the superfluid number density away from
of a straight vortex line as a function of time, then the clas-the core, whereas in @aired Fermi superfluidy=3qhn,.

sical equation of motion can be written as The TAN result shows that the transverse forcensversal
independent of the detailed microscopic structure of the vor-
d’R dR dR tex and its interaction with the normal component of the

Xe+f(R)+14(R). () fiuid. The universality of the nondissipative transverse force

is not found in some approximate microscopic calculations,

Here we have taken the circulation veckorof the vortex(a ~ however, which obtain coefficients that reduce to the TAN
vector parallel to the vortex with a magnitude equal to theresult only in certain limits®
circulatiorf) to be along the direction. The first two terms In this paper we calculate the nondissipative transverse
on the right-hand side of Eq1) are to include all forces force on a quantized vortex in a charged superfluid or super-
linear in the vortex velocity. Heré, represents the pinning conductor by following the method of TARInitially, we
force due to disordeiaveraged over an area set by the size ofshall consider a system with translational invariance, and to
the vortex corg and fy includes the various “driving” address a more realistic model of a superconductor we in-
forces possible, such as the Lorentz force, which may deperglude afterwards a periodic potential from the lattice, assum-
on the density of the normal and superconducting compoing the lattice constartt is small compared with the coher-
nentsng andn,,, and therefore on the vortex positi®) but ~ ence length€. In both cases we find the transverse force per
do not depend on the vortex velocity. The equation of motiorlength to be given by
(1) also describes a vortex in a Bose or Fermi superfluid,
wheref, might describe the force from an externally imposed f=pKXV, 2
wire as in a Vinen-like experimenrtandf, would include the
superfluid-velocity-dependent part of the Magnus fomed  wherep=p,+ p; is thetotal mass density of the fluid away
possibly other vortex-velocity-independent contributidns. ~ from the coreK is the quantized circulation vector defined

The difficulty concerns the determination of the coeffi- above, and/ is the constant vortex velocity. Most relevant is
cientsM, », andy, which describe the vortex effective mass the fact that, as in TAN, our results for this superclean limit
per unit length, viscous damping force per unit length, andf a superconductor also indicateaiversalvortex-velocity-
nondissipative transverse force per unit length, respectivelydependent part of the transverse force. In the notation of Eq.
Of particular interest and especially controversial is the co{1), we find y=p K. For a vortex withg trapped flux quanta
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®,=hc/2e we can write this agy=3qghn, wheren is the AL
total density of the fluid far from the core. The reason that F=—-(&XxV) jg di-(V=V")p(r,r)|o_r, (6
the transverse force in the charged case differs from that for a

the neutral superfluid, which has a coefficipgtnstead ofo,  wherep(r,r’) is the one-particle density matrix amdis the
is related to the Meissner effect, as will be explained belowthickness of the system in the direction. In Eq.(6) we

The Hamiltonian for the charged superfluid or superconchoose the radiua of the integration contour to be much

ductor is taken to be larger than the London penetration depth
The integrand in Eq(6) is proportional to the canonical
H=H,+ H1+2 V(r,—R), ©) momentum density. The current-current interaction t€5imn
n has played no role up to this point, and, indeed, the expres-
where sion (6) in the two-dimensional limit is identical to that ob-

tained by TAN for the neutral superfluid. However, the re-

p2 1 sulting force is different, as can be seen by writing Ej.in
Ho=2, >m T2 > U(ra—ry)+Hy (4)  terms of the canonical momentum density, which leads to a
" n#n’ transverse force per unit length equal to

is the Hamiltonian folN bosons or fermions with negative
charge—e, interacting with each other and with a uniform

positive background charge, afid Gaussian unifs f=exv ﬁdl-](r). )

e The TAN result for neutral superfluids is obtained by writing

— i ij j
Hi=- 2mzcn§1, Pl (Fn= TPy ®) " the momentum density gs- p,v,+ povs and assuming that

) - . o ) the viscous normal component does not circutatin the
with TU(r)=(8"[r|"*+r'rl[r|~%)/2c, is the current-current case of a charged superfluid or superconductor, however, the
interaction, which, as first noted by Darwihcorrectly ac- gauge-invariant momentum density- (e/c)nA vanishes in
counts for the electrodynamics in the transverse gaudge region containing the integration contour because of the
through orden?/c?. TheU in Eq. (4) is a Coulomb interac- eissner effectsee the Appendix and we therefore obtain
tion term, and in the case of a superconductor also contairgq. 2).
an additional short-ranged attractive interaction to produce oyr conclusion suggests that both the normal and super-
superconductivity. Also,Hy=—3,fdren]r,—r|"* ac-  conducting components of the fluid contribute to the total
counts for the interaction with the uniform positive back- transverse force. However, we would like to emphasize that
ground chargeen. The full Hamiltonian also contains a cy- the model considered here does not include disorder, and, as
lindrically symmetric pinning potentialV centered at gsych, leads to a normal component having an infinite con-
position R.* ductivity. This neglect of disorder may be responsible for the

Before proceeding it is important to note that the Hamil- , dependence of the transverse force instead of the psual
tonian(3), with the current-current interaction term, provides Finally, we would like to remark that the resi®) holds
an accurate model of a charged superfluid or superconductasyen in the presence of a lattice, as long as the coherence
In particular, we show in the Appendix that it exhibits a |ength or vortex core sizéis large compared with the lattice
Meissner effect with the conventional London screeningconstants. To demonstrate this we add a periodic potential

length. term =,v(r,) to Hy and expand the instantaneous eigen-

tex by expanding the time-dependent wave function, giveRne relevant band,
by i%d,| ¥ (t))=H(R(t))|¥(t)), in a basis of instantaneous
eigenstates satisfyingd (R)|¢,(R))=E,(R)|#.(R)). We

shall assume a three-dimensional system withztt@ection YR(ry, ... JN)=| 2| Ph(ly, ... lyalry—1ly)
alongK. The system is assumed to be infinite in thandy row
directions, and_ is the thickness in the direction, which is Xa(ro—lp) ...a(ry—Iy). (8

also the length of the vortex. In the absence of the pinning

potential the system is therefore translationally invariantiere | labels the sites of the lattice, and the coefficients
in the x and y directions. The translational invariance ¢(l1, ... ly) are taken to be completely symmetric or an-
allows the instantaneous eigenfunctions to be taketisymmetric. Assuming that we are at the minimum of a band
as PR, I =0a(ri—R, ... INn—R), where  with an isotropic effective mass*, we see that the enve-
W (r, ... ry) are the eigenfunctions with the pinning po- lope function dR(r1, ... ry) satisfies a Schdinger equa-
tential centered at the origin. Initially, at a tirhg a vortex is ~ tion with a Hamiltonian given by Eq(3) apart from the
assumed to be bound to the pinning potentidét) =R, in  replacement ofm in Hy with m* (the mass inH, is not

a state characterized by the density matrixchanged This is the standard effective mass approximation,
Yo f ol Ua(Ro) Y ¥o(Ro)|, wheref, is the occupation prob- and it leads to

ability of state «. The force on the vortex isF= .

=2, (W (1)|VRH| P (1)), where |V (1)) is the solu- [ L , ,

tion of th<e time|—depe|ndent>sé}dinger| equat>ion starting out F=>(&xV) fo dz idl (V=V)per(F,r e rs (9)

in |¢,(R(to))). Following Ref. 6 we obtain a transverse

force equal to where
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Per(r,T V=N, faf d3r,d3 5. . .d3

X@E(r,ro, ... In) ol o, oI\ i
. B=()+ 2+ )+ -

is a one-particle density matrix constructed from the enve-
lope functions.

Unfortunately, the integrand in E¢9) is not proportional
to the actual canonical momentum densjify), the latter
having fluctuations on the scale of the lattice constant

However, it is possible to prove that when abgal single- T (iw, ,q). Here the solid lines denote the exact Green’s functions

particle operator like the current Qen_S|ty is averaged over ‘?or H, and the zig-zag lines represent the current-current interaction
length scale larger than the localization length of the Wan- i(q)

nier functions(assumed to be of the order Iof, but smaller T
than the characteristic length scale over which the envelop
functions vary, the expectation value is correctly given by
peir(r,r').22 In other words, the structure on the scale of the
lattice constant is not described correctly by the envelope This work was supported by the NSERC of Canada and
functions, but coarse-grained quantities are. Now, becauday the NSF through Grant No. DMR-9528345. M.G. would

the line integral of the actual canonical momentum is quanlike to acknowledge the kind hospitality of the Department

FIG. 1. RPA approximation for the correlation function

8ency. The Magnus force reaction is eventually carried
away by the positive substrate.

tized, it is possible to write it as of Physics at the University of Washington where this work
was done.
1 ap 1t .
fﬁ dli-j= da _f dz 3€ dl-j, (11) APPENDIX: MEISSNER EFFECT
a Q—a1Ja; LJo a IN THE RPA APPROXIMATION

where both radif; anda, are much larger thak and their As mentioned above, it is important to establish that the
difference is larger thah. The integrals ovea andz on the  Darwin Hamiltonian provides an accurate model of a
right-hand side of Eq(11) have the effect of averaging the charged superfluid or superconductor; in particular, that it
azimuthal component ¢f Therefore, the actual circulation is exhibits a Meissner effect with the conventional London
correctly given by the line integral of the coarse-grained mo-penetration depth.
mentum, which, in turn, is correctly given by the envelope This can be demonstrated by treating the current-current
functions. Hence, Eq9) leads to the transverse for(®, as  interactions in an RPA-type approximation and calculating
stated. the current induced by a weak applied vector potential,

The total transverse force per unit length on the vortex
may be obtained by adding the conventional Lorentz force i . J.
termf_= — (e/c)nv X @, leading to J'(@)=x"(DALLQ)- (A1)

The zero-frequency linear response functidhis“ the sum of
e a retarded current-current correlation functidf for a sys-
f=PK><(V—Ve):EJ d?rn(V—ve) X B. (12)  tem described by the Hamiltoniaf,+H,, and a diamag-
netic term. Our RPA approximation corresponds to a sum-
Alternatively, we can write this as mation of the diagrams shown in Fig. 1 for the imaginary-
time current-current correlation functidd' (i w,,,q), which
are the most divergent terms @s-0. In this approximation

€ € find
f:EJ dzrn(vp—ve)xB+Ef d’rn(V-vp) xB, (13 wefin

wherev, is the velocity of the positively charged substrate, X=xotXxoT X, (A2)
usually taken to be at rest. The first term in E§3) is the y

Lorentz force, given by the interaction of th@alilean-  Wherexg is the corresponding response function for the sys-
invariant current with the magnetic field, while the second tem without current-current interactions, as describedipy
term is a Magnus force that acts on the substrate. This integndT' (q) =4m(8"|q|~2—q'q’|g| *)/c is the Fourier trans-
pretation is in agreement with the early picture of flux line form of T'(r). B

motion in type-1l superconductors given by Nazds and The response functiog'! can be used to relate the total
Vinen in the late sixtie$* The Magnus force on the vortex vector potential = A+ Aing, the sum of an external and
may be thought of as the Kutta-Joukowski hydrodynamic liftinduced part, toA,, itself,

force due to the circulation of the electron fluid around the

vortex. Far from the vortex the circulation is reduced but an i i

increase in the Lorentz force exactly compensates this defi- Al @ =[1=T(q) xo(a)];; "AblA)- (A3)
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fBecausew=0 here, Eq.(A3) tells us aboutmagnetic in this limit,' resulting in
screening. Nowy{ is known to have some general proper-

-1
ties in theq— 0 limit, reflecting the presence of off-diagonal A(@)=| 1+ %) Aexd(Q), (A5)
long-range order. In particular, A°Q
N e? wherex=(mc?/4mng?)*'? is the usual London penetration
) — S i i/l al2 depth. Thus, the current-current interaction term leads to a
Xo(d) mc (8"=q'a/[ql") (Ad) conventional Meissner effect.
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