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Transverse force on a quantized vortex in a superconductor
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The total transverse force acting on a quantized vortex in a type-II superconductor determines the Hall
response in the mixed state, yet a consensus as to its correct form is still lacking. In this paper we present an
essentially exact expression for this force, valid in the superclean limit, which was obtained by generalizing the
recent work by Thouless, Ao, and Niu@D. J. Thouless, P. Ao, and Q. Niu, Phys. Rev. Lett.76, 3758~1996!#
on the Magnus force in a neutral superfluid. We find the transverse force per unit length to bef5rK3V,
wherer5rn1rs is the sum of the mass densities of the normal and superconducting components,K is a vector
parallel to the line vortex with a magnitude equal to the quantized circulation, andV is the vortex velocity.
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The discovery of high-temperature superconductivity h
stimulated a renewed interest in the statistical mechanics
dynamics of vortices in type-II superconductors.1 Despite the
tremendous progress made, however, the answer to on
the simplest questions, namely, the form of the equation
motion for a single isolated vortex, remains controversial
we letR(t) denote the position in thexy plane of the center
of a straight vortex line as a function of time, then the cla
sical equation of motion can be written as

M
d2R

dt2
52h

dR

dt
2g

dR

dt
3ez1fp~R!1fd~R!. ~1!

Here we have taken the circulation vectorK of the vortex~a
vector parallel to the vortex with a magnitude equal to
circulation2! to be along thez direction. The first two terms
on the right-hand side of Eq.~1! are to include all forces
linear in the vortex velocity. Herefp represents the pinning
force due to disorder~averaged over an area set by the size
the vortex core!, and fd includes the various ‘‘driving’’
forces possible, such as the Lorentz force, which may dep
on the density of the normal and superconducting com
nentsns andnn , and therefore on the vortex positionR, but
do not depend on the vortex velocity. The equation of mot
~1! also describes a vortex in a Bose or Fermi superflu
wherefp might describe the force from an externally impos
wire as in a Vinen-like experiment,3 andfd would include the
superfluid-velocity-dependent part of the Magnus force4 and
possibly other vortex-velocity-independent contributions.5

The difficulty concerns the determination of the coef
cientsM , h, andg, which describe the vortex effective ma
per unit length, viscous damping force per unit length, a
nondissipative transverse force per unit length, respectiv
Of particular interest and especially controversial is the
570163-1829/98/57~14!/8119~4!/$15.00
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efficient g, which in a neutral superfluid has been recen
shown by Thouless, Ao, and Niu6 ~hereafter referred to a
TAN! to be g5rs K, wherers is the mass density of the
superfluid component far from the vortex core, andK is the
quantized circulation. For a vortex in a neutral Bose sup
fluid with q quanta of circulation, this coefficient is simpl
g5qhns, with ns the superfluid number density away fro
the core, whereas in a~paired! Fermi superfluidg5 1

2 qhns.
The TAN result shows that the transverse force isuniversal,
independent of the detailed microscopic structure of the v
tex and its interaction with the normal component of t
fluid. The universality of the nondissipative transverse fo
is not found in some approximate microscopic calculatio
however, which obtain coefficients that reduce to the TA
result only in certain limits.7–9

In this paper we calculate the nondissipative transve
force on a quantized vortex in a charged superfluid or sup
conductor by following the method of TAN.6 Initially, we
shall consider a system with translational invariance, and
address a more realistic model of a superconductor we
clude afterwards a periodic potential from the lattice, assu
ing the lattice constantb is small compared with the coher
ence lengthj. In both cases we find the transverse force p
length to be given by

f5rK3V, ~2!

wherer5rn1rs is the total mass density of the fluid awa
from the core,K is the quantized circulation vector define
above, andV is the constant vortex velocity. Most relevant
the fact that, as in TAN, our results for this superclean lim
of a superconductor also indicate auniversalvortex-velocity-
dependent part of the transverse force. In the notation of
~1!, we findg5r K. For a vortex withq trapped flux quanta
R8119 © 1998 The American Physical Society
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F0[hc/2e we can write this asg5 1
2 qhn, wheren is the

total density of the fluid far from the core. The reason th
the transverse force in the charged case differs from tha
the neutral superfluid, which has a coefficientrs instead ofr,
is related to the Meissner effect, as will be explained belo

The Hamiltonian for the charged superfluid or superc
ductor is taken to be

H5H01H11(
n

V~rn2R!, ~3!

where

H0[(
n

pn
2

2m
1

1

2 (
nÞn8

U~rn2rn8!1Hb ~4!

is the Hamiltonian forN bosons or fermions with negativ
charge2e, interacting with each other and with a unifor
positive background charge, and~in Gaussian units!

H1[2
e2

2m2c (
nÞn8

pn
i Ti j ~rn2rn8!pn8

j , ~5!

with Ti j (r )[(d i j ur u211r i r j ur u23)/2c, is the current-curren
interaction, which, as first noted by Darwin,10 correctly ac-
counts for the electrodynamics in the transverse ga
through orderv2/c2. TheU in Eq. ~4! is a Coulomb interac-
tion term, and in the case of a superconductor also cont
an additional short-ranged attractive interaction to prod
superconductivity. Also,Hb[2(n*d3re2n̄urn2r u21 ac-
counts for the interaction with the uniform positive bac
ground chargeen̄. The full Hamiltonian also contains a cy
lindrically symmetric pinning potentialV centered at
positionR.11

Before proceeding it is important to note that the Ham
tonian~3!, with the current-current interaction term, provid
an accurate model of a charged superfluid or supercondu
In particular, we show in the Appendix that it exhibits
Meissner effect with the conventional London screen
length.

We shall follow TAN and calculate the force on the vo
tex by expanding the time-dependent wave function, giv
by i\] tuC(t)&5H„R(t)…uC(t)&, in a basis of instantaneou
eigenstates satisfyingH(R)uca(R)&5Ea(R)uca(R)&. We
shall assume a three-dimensional system with thez direction
alongK . The system is assumed to be infinite in thex andy
directions, andL is the thickness in thez direction, which is
also the length of the vortex. In the absence of the pinn
potential the system is therefore translationally invari
in the x and y directions. The translational invarianc
allows the instantaneous eigenfunctions to be ta
as ca

R(r1 , . . . ,rN)5ca(r12R, . . . ,rN2R), where
ca(r1 , . . . ,rN) are the eigenfunctions with the pinning p
tential centered at the origin. Initially, at a timet0, a vortex is
assumed to be bound to the pinning potential atR(t0)5R0 in
a state characterized by the density mat
(a f auca(R0)&^ca(R0)u, where f a is the occupation prob
ability of state a. The force on the vortex isF5
2(a f a ^Ca(t)u¹RHuCa(t)&, where uCa(t)& is the solu-
tion of the time-dependent Schro¨dinger equation starting ou
in uca„R(t0)…&. Following Ref. 6 we obtain a transvers
force equal to
t
or
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F5
i\L

2
~ez3V! R

a
dl•~“2“8!r~r ,r 8!ur8→r , ~6!

wherer(r ,r 8) is the one-particle density matrix andL is the
thickness of the system in thez direction. In Eq.~6! we
choose the radiusa of the integration contour to be muc
larger than the London penetration depthl.

The integrand in Eq.~6! is proportional to the canonica
momentum density. The current-current interaction term~5!
has played no role up to this point, and, indeed, the exp
sion ~6! in the two-dimensional limit is identical to that ob
tained by TAN for the neutral superfluid. However, the r
sulting force is different, as can be seen by writing Eq.~6! in
terms of the canonical momentum density, which leads t
transverse force per unit length equal to

f5ez3V R
a
dl• j ~r !. ~7!

The TAN result for neutral superfluids is obtained by writin
the momentum density asj5rnvn1rsvs and assuming tha
the viscous normal component does not circulate.12 In the
case of a charged superfluid or superconductor, however
gauge-invariant momentum densityj1(e/c)nA vanishes in
the region containing the integration contour because of
Meissner effect~see the Appendix!, and we therefore obtain
Eq. ~2!.

Our conclusion suggests that both the normal and su
conducting components of the fluid contribute to the to
transverse force. However, we would like to emphasize t
the model considered here does not include disorder, and
such, leads to a normal component having an infinite c
ductivity. This neglect of disorder may be responsible for t
r dependence of the transverse force instead of the usuars.

Finally, we would like to remark that the result~2! holds
even in the presence of a lattice, as long as the cohere
length or vortex core sizej is large compared with the lattic
constantb. To demonstrate this we add a periodic potent
term (nv(rn) to H0 and expand the instantaneous eige
states in a basis of localized Wannier functionsa(r2 l) for
the relevant band,

ca
R~r1 , . . . ,rN!5 (

l1••• lN
fa

R~ l1 , . . . ,lN!a~r12 l1!

3a~r22 l2! . . . a~rN2 lN!. ~8!

Here l labels the sites of the lattice, and the coefficien
fa

R( l1 , . . . ,lN) are taken to be completely symmetric or a
tisymmetric. Assuming that we are at the minimum of a ba
with an isotropic effective massm* , we see that the enve
lope functionfa

R(r1 , . . . ,rN) satisfies a Schro¨dinger equa-
tion with a Hamiltonian given by Eq.~3! apart from the
replacement ofm in H0 with m* ~the mass inH1 is not
changed!. This is the standard effective mass approximati
and it leads to

F5
i\

2
~ez3V!E

0

L

dz R
a
dl•~¹2¹8!reff~r ,r 8!ur8→r , ~9!

where
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reff~r ,r 8![N(
a

f aE d3r 2d3r 3 . . . d3r N

3fa* ~r ,r2 , . . . ,rN! fa~r 8,r2 , . . . ,rN!

~10!

is a one-particle density matrix constructed from the en
lope functions.

Unfortunately, the integrand in Eq.~9! is not proportional
to the actual canonical momentum densityj (r ), the latter
having fluctuations on the scale of the lattice constantb.
However, it is possible to prove that when anylocal single-
particle operator like the current density is averaged ove
length scale larger than the localization length of the W
nier functions~assumed to be of the order ofb), but smaller
than the characteristic length scale over which the enve
functions vary, the expectation value is correctly given
reff(r ,r 8).13 In other words, the structure on the scale of t
lattice constant is not described correctly by the envel
functions, but coarse-grained quantities are. Now, beca
the line integral of the actual canonical momentum is qu
tized, it is possible to write it as

R
a
dl• j5

1

a22a1
E

a1

a2
da

1

LE0

L

dz R
a
dl• j , ~11!

where both radiia1 anda2 are much larger thanl and their
difference is larger thanb. The integrals overa andz on the
right-hand side of Eq.~11! have the effect of averaging th
azimuthal component ofj . Therefore, the actual circulation i
correctly given by the line integral of the coarse-grained m
mentum, which, in turn, is correctly given by the envelo
functions. Hence, Eq.~9! leads to the transverse force~2!, as
stated.

The total transverse force per unit length on the vor
may be obtained by adding the conventional Lorentz fo
term fL52(e/c)nve3F, leading to

f5rK3~V2ve!5
e

cE d2r n~V2ve!3B. ~12!

Alternatively, we can write this as

f5
e

cE d2r n~vp2ve!3B1
e

cE d2r n~V2vp!3B, ~13!

wherevp is the velocity of the positively charged substra
usually taken to be at rest. The first term in Eq.~13! is the
Lorentz force, given by the interaction of theGalilean-
invariant current with the magnetic field, while the secon
term is a Magnus force that acts on the substrate. This in
pretation is in agreement with the early picture of flux li
motion in type-II superconductors given by Nozie`res and
Vinen in the late sixties:14 The Magnus force on the vorte
may be thought of as the Kutta-Joukowski hydrodynamic
force due to the circulation of the electron fluid around t
vortex. Far from the vortex the circulation is reduced but
increase in the Lorentz force exactly compensates this d
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ciency. The Magnus force reaction is eventually carr
away by the positive substrate.
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APPENDIX: MEISSNER EFFECT
IN THE RPA APPROXIMATION

As mentioned above, it is important to establish that
Darwin Hamiltonian provides an accurate model of
charged superfluid or superconductor; in particular, tha
exhibits a Meissner effect with the conventional Lond
penetration depth.

This can be demonstrated by treating the current-cur
interactions in an RPA-type approximation and calculat
the current induced by a weak applied vector potential,

Ji~q!5x i j ~q!Aext
j ~q!. ~A1!

The zero-frequency linear response functionx i j is the sum of
a retarded current-current correlation functionPR

i j for a sys-
tem described by the HamiltonianH01H1, and a diamag-
netic term. Our RPA approximation corresponds to a su
mation of the diagrams shown in Fig. 1 for the imaginar
time current-current correlation functionP i j ( ivn ,q), which
are the most divergent terms asq→0. In this approximation
we find

x5x01x0T x, ~A2!

wherex0
i j is the corresponding response function for the s

tem without current-current interactions, as described byH0,
andTi j (q)54p(d i j uqu222qiqj uqu24)/c is the Fourier trans-
form of Ti j (r ).

The response functionx i j can be used to relate the tot
vector potentialAtot[Aext1A ind , the sum of an external an
induced part, toAext itself,

Atot
i ~q!5@12T~q!x0~q!# i j

21Aext
j ~q!. ~A3!

FIG. 1. RPA approximation for the correlation functio
P i j ( ivn ,q). Here the solid lines denote the exact Green’s functio
for H0 and the zig-zag lines represent the current-current interac
Ti j (q).
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fBecausev50 here, Eq. ~A3! tells us aboutmagnetic
screening. Now,x0

i j is known to have some general prope
ties in theq→0 limit, reflecting the presence of off-diagon
long-range order. In particular,

x0
i j ~q!5

nse
2

mc
~d i j 2qiqj /uqu2! ~A4!
-
l

in this limit,15 resulting in

Atot~q!5S 11
1

l2q2D 21

Aext~q!, ~A5!

wherel[(mc2/4pnse
2)1/2 is the usual London penetratio

depth. Thus, the current-current interaction term leads t
conventional Meissner effect.
.
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