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\\'e give a general review of recent developments in the theory of vortices in superfluids
and superconductors.  d iscussing wh1'  the dynamics of  vort ices is  important ,  and why.
some key' results are still controversial. \\'e discuss n'ork that we have done on the
dynamics of  quant ized vort ices in a superf lu id.  Despi te the fact  that  th is probletn has
been recognized as important for fortl' vears, there is still a lot of controversy about
the forces on and masses of quantized r.ortices. \!'e think that one can get unambiguous
answers bv consider ing a broken symmetry state that  consists of  one vortex in an inf in i te
ideal  svstem. \ ! 'e  argue for  a \ lagnus force that  is  proport ional  to the superf lu id densi t1. ,
arrd we f ind that  the ef iect ive rnass densi tv ofa vortex in a neutra l  superf lu id is  d ivergent
at  low f requencies.  \ \ 'e  have general ized some of  the resul ts for  a neutra l  superf lu id to a
charged system.

Introduction

From the  verv  beg inn inq  i t  has  hcen rpa l i sed  thar  quant ized  vor t i r -cs  p lav  an  im-
portant part in the behavior of superf luids l .  Both in neutral superf luids and in
s l lp { . rcond l lc to rs  i t  i s  the  r -o r t i ces  tha t  p rov ic le  a  rne .han ism fo r  the  r iecav  o f  super -
i i r i i r l  c r t r r r ' l t s  i t t  l r  r i l i .  T l r r '  r ' i l c r r l i i ' l , r n .  { o r  a  l l i , i : i : i r l  : r r p c r f f  i r , 1 .  , , 1  t i 1 r .  t l i i i ) i ) c i l
f l r rx .  f , r r  a  supercor tduc t ing  r ing .  i s  ( l r ian t ize . l .  i j nc l  the  c l t r re l l t  ( i i n  on l l  i i r . r 'a r -h , , '
; r  .hange o f  the  t1 r13n1u[ ]  number  ] r " ' t rn  in teger .  \ i -h i .h  can occ l l r  b r  t ] re  l ) i l ss i tgc
r ) f  i t  \ ' ( ) t te ,x  io t  r inan t ize l i  HLt r  l in t ,  ; , ,  ro : .  t i re  r in ,J .  f r , t tn  one e( l i i '  t , )  the  , r lher .

I tr  supcrcottductors i tr  n ir igh uri ignrrt l ,r  f ic ld. the nloi ion of f lux l ines is rhe rrrain
rirechanisrn for electr ical r€.si.ctance. -\ t  high rpmpcrarures the rnor-entent of vort ices
is a thermall1'  act ivated process, but at lor ' , '  enough temperatures the dominant
nlechanism must be b1'quantum tunneling. I t  is therefore important to understand
the dvnamics of vort ices. in order to be able to er.aluate the dissipative processes

that occur in neutral superf luids and in superconductors.

Despite the obvious importance of the problem. the theory ha-s been in a most
un,qatisfactorv state. There are manl '  confl ict ing results in the l i terat i i re. \ tr 'e did
not real ise the extent of this disagreement. and i t  was init ial ly a surprise to us that
;r result v, 'e obtained wtluid be disnrissed bv one kno*-ledgeable cri t ic as too obvious
t,r i rc r l .orth r l iscrrssing. and bv another eciual iv eminent cr i t ic as t 'el l  krrou.n fo
l r t  \ \ ' r .nq :  th is  l ras  happened to  r rs  severa l  t imps.  Thcrc  a re  rea l  l , rub le rns  hor " .
connected r,vi th questions of suitable boundarv condit ions. and there is often a
clue-ct ion of rvi iether tu'o dif ferent calculat ions are f inding the same result bv t '" \-o
riiffcrr-'nt \l'a\-s. or if thev afe finding tl,'o clifferent contributions which must be



ar l ler  i .
To our surprise. ' '-e found, about tw'o vears ago. that we could get an exact

resrtlt for one of the t*'o parameters that determine the transverse force on a mo\-ins
vnrrr 'x .  us i l rg  unl r '  gcneral  propert ies of  superf lu id order  ?.  The second paramete;
rvas determined b)' a straightfortvard thermod_v-namic argument a little over a ]-ear
later3. The first of these resuits sti l l  seems to be controversiala, ancl some elements
of the argument deser\-e closer scrutiny than they have receit 'ed so far. but it is our
belief that it should be possible to construct a firmh' founded theorv on the basis
that rre have tried to establish.

2 Electrons in magnetic f ields and vortices

There are strong analogies between the behavior of electrons in strong magnetic
fieids and of vortices in superfluids. These analogies enable us to make use of some
of the insights that have been obtained in the studl' of the quantum Hall effect to
understand problems connected n'ith vortex d-v-namics.

In both ca'ses there is a transverse force proportional to velocitl ' .  The Lorentz
force for electrons is proportional to the l 'ector product of the electron velocit.r- and
the nragnetic f ield, Fl = -e., x B. This can be represented b\- a terrl eBril in
the Lagrangian. The \Iagnus force acting on a vortex is proportional to the vector
proriuct of t l ie velocin- of the \-orte.\ relative to the fluid and a \-ector cjirected
along tire vortex core. Each of these forces leads to a parh-dependent but speed
independent term in the action. In a quantum theory' the phase is equal to the
action dir ' lded bv h, this corresponds to a Berrv phase, a phase which depends on
the patir. but not on the rate at which the path i-< trar..ersed:,6.

L i  bot t r  cases there is  r :onsiderable arb i t rar iness in  rhe r -a lue of  th is  phase.  For
l l t c  i ' l t ' r ' t l , r t i  l l i i :  i s  , ] , 1 . '  r i r  t l i t  a r b i r l i r r i t i c . s  , , f  t h t '  r ' e r - t , r r  I ) r ) t . ' r i t l . l i  f i r i ,  i t  i s  r t - - s r . c i
to  r { ' i ) resent  th r :  r r iaq t ,e t i l  hc l r l .  r r ' i r i l e  l i t r  i i t c  \ -o r te r  t i re re  i s  a  . -s i rn i l i r l . : r rb i t ra r iness
in t lrr :  n'ar.the tran,sr-eiser f , : ;rcc is represented in a Laqrangian. in either (.ase the
c l r r t r t q e i r t i l c t i , r i t c r r p l t a s ( ' n ' l i t ' n t l i e e l e c t f o n o r \ ' ( i t ' t e x t r i t y c r s l r j  1 t : ! . i ; 1 ; t l  I r l t j r i s i i - t ' i i
( l f  i ( ' f t l l i l l€t(1. Ft-,r t l t t  t  i r ' ( ' t l . ) l r  thrr prira-re cirarrg...r :  orr a r: loserl  l rrrt i i  i :  r , ,r1ri11 tr.r  l ;  i i t l t .s
the trt tmber of f l rrr cluanta encloscd bv thc path. For the vortex the pi i i rse chalge is
erlual to 2;r t i rnes the average number of atoms enclosed br. the surface s\, ,-ept out
b,r '  the closed path of the vortex.

The dominant correction to quantization of the Hall  conductance comes from
tunneling or ar:t ivated transport between states on the two edges of a quantum Hall
bar. The dominarrt mechanism for decay of supercurrents is tunneling or act ivated
transport of vort ices across the s) 'stem. In many real svstenis there is a rangle of pre-
exist ing vort ices frozen in when the system is cooled below the cri t ical tenrperature.
and thcse can serve i l^s sources for the vort ices that cross the sv-stem. Under ideal
condit ir ;ns. and somr: t t todern expr:r iments on hel iurrr approach such ir leal condit ions
: J. tht- ' re are t lo vort ices in eclui i ibr iurn. arrd a vortex loop rnust be created fronr
I iothing i tr  the interior. or a l ine must be created at the boundarv ir- i th i ts inrage
this consti tutes a loop). and cross the s1'stem to be annihi lated at the opoosite
boundarv .

Electrons in a magnetic f ield have a fast c1'ciotron motion around the guiding



center. Canonical variables can be chosen as the two pairs ur, uu. rescaled b-v m2 le B.
which give the fast niotion, and the guiding center coordinates f . l-, rescaled b-"'- eB.
which give the slow motion. \brtices also have such a fast c_"-clotron-like motion, in
rvhich the vortex core circles around the center of the flow it induces. In addition.
since the vortex is a string rather than a point, it has the low frequency Thomson
modes, circularly polarized modes of oscil lation analogous to the modes of oscil lation
of a stretched string. For the vortex the two coordinates X, l '  of the position
of the vortex in the plane perpendicular to the core are also conjugate variables,
as is nranifest from the classical theorl' of vortex motion which can be found in
Lamb's Hydrodynamic.s, and which Lamb credits to an 1880's book on \{echanics
b1'Kirchhoff.

The most important difference is that we think n'e understand the Schrodinger
equation for electrons, wherea^s a vortex in a superfluid is a compiicated man.v-body
entit l ' .  The relation of the collective variables describing the vortex motion to the
single-particle variables describing the superfluid is not obvious.

3 General features of vortices in superfluids

.\ vortex is a composite object in a many'-bod"v s]'stem. Its motion may' be described
bv collective variables. but its structure depends on all the single-particle variables
uf the superfluid. and the relation betlveen these single-particlc variabies and the
collective variables is. as usual, obscure. Fe1'nmane proposed describing a vortex bv
taking the ground state n'ave function, symmetric in all the single particle rariables
for a boson superfluid, and multipl""-ing it b1' a factor of the form

T I  , ' F '  f  ( r ; \  .  ( 1 ),j

l r 'here d,  is  the az imrr thal  angle nrade tx ' the prar t ic lc  j  n ' r th  the vor tex core.  rJ ,
is  i ts  d is t , i t r ( 'o  f ror l r  t i re  c , r l r : .  anr l  /  is  sorr rer  real  fur i r ' i i , . r r r  t ' l i ich is  c losc to r iu i l r '
t , ' '  t , , rv$ 'hc, r I  excre l ) i  rV l ier re r .  is  Of  t l le  orr ler  r , f  ih i '  r ; l r i i r ts  ( ) f  t l r€ '  \ l r r tcx Iore.  ar t r l
u 'h ich goes to zero at  r ' r :  i t  in , r rc ler  to  prevcnt  l r rgr :  k inet i t :  energl  contr ibut iorrs
fronr the rapid variation of phase close to the vortcx core. A similar description of
tite core is obtained for the Ginzburg-Pitaevskii erluations for the order parameter
near the crit ical temperaturel0. or from the Gross-Pitaevskii nonlinear Schrodinger
eqllation for the condensate of the dilute Bose ga.s at zero temperaturell '12. In these
theories the vortex is described bv mearr-field-l ike equations. so that the position
of the singuiaritv at the vortex core has a sharp value. although we know that the
tv"o components of its position in the plane are conjugate variables. Sonrehov"' v,'e
strould be able to construct a quantized version of the theory takirrg account of this
r r . s r r l t  , , f  t h "  \ l aBnus  fo rce .

In a st rougl r  t rpe I I  (Si rubnikor ' ;  superconductor  the s i tuat ion is  somervhat  s im-
ilar. ercept t irat the current circulating round the vortex core generates a rrlagnetic
heirl parallel to the core, '* 'hich in turn generates a vector potentiai that reduces the
clrrrent. so that a total of one quanturn of f lrrx hf 2e is associated rvith the \ortex.
r.,r f lux l ine. and no current is associated with the change of the phase angle at large



distances. In a t1'pe I (Pippard) superconductor the character of the singularitf is
mainll '  trapped flux. but the singil '  quantized flux i ine is not stable in a uniform
Ina€inetic field, and it is thermodynamicall-r favorable for the flux lines ro aggresate
and form a region of normal metal. In either case Landau-Ginzburg theorv can be
used to describe the vortex.

In classicai incompressible fluid mechanics the h1'drod1'namic mass of a vortex
is of order of mass of f luid displaced. but it depends in detail on the core structure.
Since vortices in low temperature superfluid helium are measured to have a rather
sll lall vortex core radius. snialler than the average interatomic spacing. this mass
densitf is relatively' smail. and is taken to be zero in some calculations. In recent
work Duan and Leggett showed that the inertial mass of a vortex in a supercon-
ductor is f initd3. but Duan argued that the mass density of a vortex in a neutral
superfluid is infinitda. He originallv described this as a result of the quantum na-
ture of the fluid, and w'e found this very hard to accept. Actually it is true of all
compressible fluids. but the divergence is logarithmic in the frequencl' of the mo-
tion. with quite a smali coelficient, as Demircan, Ao and Niu have pointed ouds.
Under realistic circumstances, such as in the free c1'ciotron motion of the vortex,
or in vortex tunneling, the logarithm ma-r- be quite sniall. and this term relatir.elv
unimportant.

In l iquid helium at relativell '  high teniperatures. close to the crit ical temper-
aturc. the largest fcrrcet ott a rnor-ing \-orlex. ol ort ir \-ortcx that is held sti l l  n'hile
the fluid streams past it. is l ikely to be a drag force due to the scattering by the
','ortex of the excitations that make up the normal fluid. At low'er temperatures the
iransverse (Ilagnus) force should dominate, but the understanding of the \Iagnus
forr:e is coniplit:ared br-the existence i-rf the tu'o conrilonents ,rf thcr f luid. rvhich urar'
affect the \ 'ortex verv differetrtlv. .{s rve }rave cliscussed irlreadl-. thc \laqnrrs force
i i i i s  i r t tpor t i t r r t  i r r i i r l i c . r t io t ts  f i r r  t l te  Bcr r l  i r i r i s r ' .  anc l  fo r  r i i { '  r : i l i t l i nLrn  ' i i l (  a i td i l i f v
L r i  t i r t ' p , r s i t i o r r  o i  t i i c  \ ' o t t c N .

For  a  s r tpcr to t td t rc to r  the  -s i t t i i i t i on  i s  ia r  rnore  cornp l i r  a te r i .  , s ince  no t  on lv  i s
t l l r ' r c  t i t e  t t t a g t r e t i t ' h c l r i  t i r r c  i o  i i r r  n i o t i l i r  o f  t i i e  e l e c t r ' { ) n s  i i )  b r ,  r ' , n l ; , , i t , r r - r 1 .  l r r r t

t i r t ' c f fcc ts  o f  r l i .o rc l r : r  in  the  pos i t i ve  bac f :g round arc  r - r t l i i .  D isor r i r , i  rnakc .s  the
co'ndu,ct ir : i ty of the normal metal f ini te. and prodrrres a drag force on vort ices even
at rather iow temperatures. but also. rf  the disorcler is on a large enough scale. pins
the vortices and reduces the flux flo*' resistiuity.

In our work r'"'e ltave concentrated on understanding an isolated vortex in an
ideal. uniform. inf ini te superf luld. Our airn has been to understand the parameters

that come into the d1'namics of a vortex when i ts velocit ,v relat ive to the background
fluicl is srnall - the effective mass, the transverse conlponent of the force. and the
longitudinal (dissipative) coniponent of the force. This is clearl l '  nor a program
for a complete understanding of \rortex dl 'nanrics. since. even i f  i t  rvere cornpletely
srtccessful,  r '" 'e nright -st i l l  be concerrieci n-i th strongiv nonl ir ir :ar regiorrs in real ist ic
- i t trat ior is. strcl t  i r .s thclse fourid n'hetr quantum turrrrel ing appears to be observr- 'd.
Part icularlv for thc transverse force. lr 'e think we have clean and precise results that
are inevitably'  in confl ict with widel1' accepted theories.

Ir i  r-rur '"rork the r-ortex is control led bv some pinrr ing potential that can ber ma-
nipulated frorn out.side. The pir ining potential can be rather n'eak, or a macroscopic



wile. so long as it has cvlindrical svmmetrl ' . For quantit ies such as the effective mass
aricl the longitudinal force the nature of the pinning potentiai has an effect on the
answer, and we may need to consider some suitable l imiting process to make the
strength of the potential tend to zero, but for the transverse force we find that the
ans$'er is independent of the form or strength of the pinning potential.

4 The Magnus force in neutral superfluids

Tirere is no agreement about what the forces acting on a vortex in a neutrai su-
perfluid are. The sinrplest quantitv to calculate should be the component of force
perpendicular to the rnotion of the vortex relative to the substrate. the anaiog of the
I'Iagnus force for classicai fluids, yet two recently' quoted forms look quite different.
In Donnelly' 's book on Quantized Vortices in Heliurn 1/16 he quotes the force per
unit iensth as

Fr = K x fr"(vr,  -  v")  *  (p^ -  o)(uv. -  "^)]

rvhere K is a vector along the vortex l ine n'hose magnitude is the quantum of
circulat ion hl lL vy.. v" and vn are the velocit ies of the vortex. the superf luid
cornponent and the normal f luid component. and p" and pn are the superf luid and
Itorntal f luid clensit ies: o is a coeff lcient 'n'hose value is not exi lct iv determined.
Volovik, however. in a number of recent papers17 18. quotes the form

F , = K x f p ( v r  - v , ) * p n l v , - v . )  + C p ( v , - " r ) ]  ,  ( 3 )

r.vhere the term with coefl lcient CF occurs onl1' for fermion superf luids. such as the
B ph i rse  o f  s r rper f l r r id  3H" .  und is  d r tp  to  spec t ra l  f lo r -o f  the  lox 'cnergv  s rn tes  rn
1 lv6 '  1 ' , r i t1 '1  r 'o r r ' .  Th t -  f l t ' . i  T , 'L t t t  i r t  r ' : t r '1 i  L , t - ihcsc  es i r r rss i i , r rs  i s  t ' r ' f c t re ' ,  I  i ! )  1s  t i i c
l , Iagnus  fo rce ,  t l i c  te r t r t  p rop i l r t iona l  to  p , ,  as  t l re  Io rdansk i i  fo rce .  s ( r i i l e  l l se  { . ) f

t l t rsp tu'o tcfnrs is qir i tc cl i f fereni for the t l !  arrthors. Dorurcl lr-s t t .rnt grrcrlrort ir trral

to  r r  ( t ( ) I t l ( t s  f r t ln t  p l tu t rL ,n  ( r r  r r r iL ) l r  -sLa t t ( ' r i l l , i  i r r - t l i c . , ' ( ) r ' i i t x .  anc l  i t  i s  o r r i t ' i f  th is  i s
tqual tc, zero that t i te tn' t-r F'xprcssi irns are in a8i-eentent for thtr case,-, i  i r t ,- .o,ns.

\\ ' t ratelel thc forrn of this force. Clal i lean inlariance tel l-s us t l tat rht:rr. 'a1c otr jr-
tr l-o parameters to be determined. I f  rve know the coeff iciemts of v1' and v". t [e
coeff icient of v, must be equal to minus the sum of the other tn'o coeff icients. \ \ :e
argue. in the rest of this section, that the onlv transverse force has the form

F 1  = p " K x ( v y . - v , )  .  ( l )

b1- deterrnlning separately the coeff icients of t '"  and l i . .
\ \ 'exler 3 has given a thermodvnamic argument to shon' that the coe{f icient of

K x v" is inr lci ' r i  *1r". This result scenrs to be uncontroversial.  anrl  is in agrc-ernent
s' i th both Donneilv and Voiovik. The argument is essential l ,r '  a thermodvnamic

arquinent. which corisiders a reversible change of the circulat ion in a r ing bv nroving
a \!r tex slowlv across the s1-stem under equi l ibr ium condit ions.

Consider a macroscopic r ing, such as the one -shorvn in f ig. 1. n, i th average
radius R. wit l th (dif ference betr, 'u 'een outer radius and inner ra,cl ius) Lo and height

( 2 )



vortex

Figure l :  \ ior tex being moved f rom the outs ide to the inside of  a r ing of  superf lu id.  increasinA the
superf lu id c i rculat ion around the r ing by one quantum uni t .

r.. For sinrplicitr- rve assunle Lv << R, but this is not essenrial, anrl the result
is indepenclerrt of the shape of t ire ring. Init iallr '  there are n quanta of circulation
trapptd in  the r ing.  g iv ing superf lu id veloc i t r - t :s :  n ,Ko/2;-R.  and the normal
lluid velocitv is zero. since the boundaries of the ring are stationan.. A pinning
potential is used to insert adiabaticall l 'one vortex, which is created at the outer
boundarv. moved slowlv across the svsten rrnder constant temperature conciit ions,
ancl annihilated at the inner boundan'. The effect of this extra vortex is to increase
the circulation from n units to n + f . increasirrg the superfluid velocin'by.dr', :
x , i i2rR.  This increases the f ree cnerqr-b. , '

l F  :  I  ) ; R L , , L -  y r r r ' . r i l .  :  1 t , t ; 1 1 t , , L y , L ( ; )

r i i ice srrp i ' r f l r r id  den-s in- is  def i r r , 'd  in  ier rns of  the f ree enelq l  changi . r i 'hen t l ic
' : i rcr f l r r i i l  r -c lor ' i t t ' is  c lL; r i rqer l .  Thi .  rnust  l tc  corn i r ; r rer l  r r - i t l i  the *- , r rk ,Lrnr :  in
nroving the vortex of length I" a clistance tr, isothermaliv across the ring. q,hich is

l \ -  = FtL, tL,  .

Comparison of these two shows ti iat the magnitude of the transverse force
Iength. under conditions in which rr, and r1' are both negligible. is

lF, r  
-  prrco. ' r  .

\lore careful anah'sis gives the sign and direction of this force ia-s

(6 )

per  uni t

{ 7 )

F 1  =  - p . K  r  v "  ( 3 )

Thi-. npgumsnt determines the coefficient of u" in the transverse force.
To determine the coefficient of ur'. Thouless, Ao and Niu2 consider an infinite

sv i tpnl  * ' i th  superf l i r id  and normal  f lu id asr .mptot ica i l r -at  rest  (v ,  = 0 = v, )  in
the presence of a single vortex l-hich is constrained to ulo\,e b1'moving the pinning


