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Mesoscopic Effects in the Fractional Quantum Hall Regime: Chiral Luttinger Liquid
versus Fermi Liquid
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We study tunneling through an edge state formed around an antidot in the fractional quantum Hal
regime using Wen’s chiral Luttinger liquid theory extended to include mesoscopic effects. We identify
a new regime where the Aharonov-Bohm oscillation amplitude exhibits a distinctive crossover from
Luttinger liquid power-law behavior to Fermi-liquid-like behavior as the temperature is increased. Near
the crossover temperature the amplitude has a pronounced maximum. This nonmonotonic behavio
and novel high-temperature nonlinear phenomena that we also predict provide new ways to distinguis
experimentally between Luttinger and Fermi liquids. [S0031-9007(96)01838-8]
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One of the most important outstanding questions
the study of the quantum Hall effect [1] concerns t
nature of the transport in the fractional regime. It h
been established that for integral filling factors, ma
aspects of the quantum Hall effect can be understoo
terms of Halperin’s edge states of the two-dimensio
noninteracting electron gas [2], and a useful descrip
of this is provided by the Büttiker-Landauer formalis
[3]. However, as was shown by Laughlin [4], th
fractional quantum Hall effect (FQHE) occurs becau
interactions lead to the formation of highly correlat
incompressible states at certain filling factors. In a la
class of one-dimensional systems, interactions lead
breakdown of Fermi liquid theory and to the formati
of a Luttinger liquid with bosonic low-energy excitation
[5,6]. Transport in a macrosopic Luttinger liquid w
studied by Kane and Fisher [7], who have shown t
the conductance in the presence of a weak impu
vanishes in the zero-temperature limit, in striking contr
to a Fermi liquid. The important connection betwe
Luttinger liquids and the FQHE was made by Wen [
who used Chern-Simons theory to show that the e
states there should bechiral Luttinger liquids (CLL).
Wen’s proposal has stimulated a considerable effor
understand the properties of this exotic non-Fermi-liq
state [8–14].

The first observation of a CLL was reported by Millike
Umbach, and Webb [15]. They measured the tunne
between FQHE edge states in a quantum-point-con
geometry. As the gate voltage was varied, resonance p
in the conductance were observed that have the co
CLL temperature dependence as predicted by Moon
coworkers [10] and by Fendley, Ludwig, and Saleur [1
In addition, Changet al. [16], working with a different
system, have very recently reported experimental evide
that is also in favor of CLL theory. However, rece
experiments by Franklinet al. [17] on Aharonov-Bohm
(AB) oscillations and by Maasilta and Goldman [18]
resonant tunneling in constrictions containing a quan
antidot are consistent with Fermi liquid theory. Th
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agreement does not in itself rule out CLL theory beca
no CLL theory for the antidot geometry has been availa
This has motivated us to provide such a theory for
experimentally realizable strong-antidot-coupling regi
(a regime different from the one studied in Refs. [17,18
Another motivation for our work is that the CLL provide
a unique opportunity to study mesoscopic physics i
highly correlated electron system. Thus, our compari
of the AB effect in the Fermi and Luttinger liquids is also
novel comparison of mesoscopic effects in a noninterac
and interacting system, and we shall show that at
temperatures interactions have a dramatic effect on m
quantities.

We begin by summarizing our results: Our model
sumes that there is one relevant edge state at the bound
of the device and circling the antidot. The finite size of t
antidot introduces a temperature scale,T0 ; h̄yypkBL,
where y is the edge-state Fermi velocity andL is the
circumference of the antidot edge state. For exam
y ­ 106 cmys andL ­ 1 mm yield T0 ø 25 mK . In the
strong-antidot-coupling regime, our CLL theory for fillin
factor1yq sq oddd predicts the low-temperaturesT ø T0d
AB oscillation amplitude to vanish with temperature
T 2q22, in striking contrast with chiral Fermi liquid theor
sq ­ 1d. For T nearT0, there is a pronounced maximu
in the AB amplitude, also in contrast to a Fermi liqu
At high temperaturessT ¿ T0d we predict a crossover t
a T 2q21e2qTyT0 temperature dependence, which is qua
tatively similar to chiral Fermi liquid behavior. Exper
ments in the strong-antidot-coupling regime should be a
to distinguish between a chiral Fermi liquid and our p
dicted nearly Fermi liquid scaling. Finally, we predict
remarkable high-temperature nonlinear response reg
where the voltageV satisfiesV . T . T0, which may also
be used to distinguish between chiral Fermi liquid and C
behavior.

To study mesoscopic effects associated with FQ
edge states, we extend CLL theory to include fini
size effects. Finite-size effects in nonchiral Lutting
liquids have been addressed in Refs. [6] and [19].
© 1996 The American Physical Society
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bosonize the electron field operatorsc6 according to the
conventionr6 ­ 6≠xf6y2p , wherer6 is the normal-
ordered charge density andf6 is a chiral scalar field for
right (1) or left (2) movers. The dynamics is governe
by Wen’s Euclidean action [8]

S6 ­
1

4pg

Z L

0
dx

Z b

0
dt ≠xf6s6i≠tf6 1 y≠xf6d,

(1)

where g ­ 1yq (with q odd) is the bulk filling factor.
Here L is the length of a given edge state. The fie
theory (1) can be canonically quantized by imposing
equal-time commutation relation

ff6sxd, f6sx0dg ­ 6ipg sgnsx 2 x0d. (2)

We then decomposef6 into a nonzero-mode contributio
f

p
6 satisfying periodic boundary conditions that describ

the neutral excitations, and a zero-mode partf0
6 that

contributes to the charged excitations,f6 ­ f
p
6 1 f0

6.
The nonzero-mode contribution may be expand
in a basis of Bose annihilation and creation op
ators in the usual fashion,f

p
6sxd ­

P
kfi0 us6kd 3p

2pgyjkjL sakeikx 1 a
y
k e2ikxde2jkjay2, with coeffi-

cients determined by the requirement thatf
p
6 itself

satisfies (2) asL ! `. In a finite-size system, how
ever, ffp

6sxd, f
p
6sx0dg ­ 6ipg sgnsx 2 x0d 7 2pigsx 2

x0dyL, so we require that

ff0
6sxd, f0

6sx0dg ­ 62pigsx 2 x0dyL . (3)

An occupation-number expansion forf0
6 is constructed

from (3) and the requirement

f0
6sx 1 Ld 2 f0

6sxd ­ 62pN6 , (4)

which follows from the bosonized expression forr6,
where N6 ;

RL
0 dx r6 is the charge of an excited sta

relative to the ground state. Conditions (3) and
together determinef0

6, up to an additivec-number
constant, asf0

6sxd ­ 62pN6xyL 2 gx6, where x6

is an Hermitian phase operator canonically conjug
to N6 satisfying fx6, N6g ­ i. The normal-ordered
Hamiltonian may then be written as

H6 ­
y

4pg

Z
x
s≠xf6d2

­
py

gL
N2

6 1
X

k

us6kdyjkja
y
k ak .

What are the allowed eigenvalues ofN6? The an-
swer may be determined by bosonization: To create
electron, we need a62p kink in f6. The electron
field operators can therefore be bosonized asc6sxd ­
s2pad21y2eiff6sxd6pxyLgyg. The c-number phase facto
is chosen for convenience. This impliesc6sx 1 Ld ­
c6sxde6i2pN6yg. Periodic boundary conditions onc6

then lead to the important result that the allowed eigenv
ues are given byN6 ­ ng, which means that there exis
fractionally chargedexcitations, as expected in a FQH
system.
e

s

d
-

)

te

n

l-

Coupling to an additional AB fluxF is achieved
by addingdL ­

1
c j6A to the Lagrangian, wherej6 ­

6
e

2p ≠tf6 is the bosonized current density andA is a
vector potential. The flux couples only to the zero mod
and results in the replacementN2

6 ! sN6 6 gFyF0d2 in
H6, where F0 ; hcye. The grand-canonical partition
function of the mesoscopic edge state factorizes int
zero-mode contribution,Z0 ­

P
n e2pgysn2FyF0d2yLT , and

a flux-independent contribution from the nonzero mod
[20]. Note that if theN6 were restricted to be integra
then the partition function and the associated gra
canonical potential would be periodic functions of flu
with period F0yg. The fractionally charged excitation
are therefore responsible for restoring the AB period
the proper valueF0, as is known in other contexts [21].

We begin our study of transport by performing a pertu
bative renormalization group (RG) analysis in the wea
antidot-coupling regime [see Fig. 1(a)]. In this case,S ­
S0 1 dS, whereS0 ; SL 1 SR 1 SA is the sum of actions
of the form (1) for the left moving, right moving, and ant
dot edge states, respectively, anddS ;

P
m

R
tsV1 1 V2 1

c.c.d is the weak coupling between them. HereV6std ;
G

smd
6 eimf6sx6,tde2imfAsx6,tdyy2pa describes the tunneling

of m quasiparticles from an incident edge state into the
tidot edge state at pointx6 with dimensionless amplitude
G

smd
6 [7]. We assume the leads, described bySL andSR,

to be macroscopic, and we also assume for simplicity t
jGsmd

2 j ­ jG
smd
1 j. We shall need them-quasiparticle propa-

gatorkeimf6sx,tde2imf6s0dl taken with respect toS0, which,
at T ­ 0 and for values ofx such thatx ø L, is given
by f6iaysx 6 iyt 6 ia sgn tdg2D, where D ­ m2gy2
is the scaling dimension ofeimf6.

FIG. 1. (a) Aharonov-Bohm effect geometry in the wea
antidot-coupling regime. The solid lines represent ed
states and the dashed lines denote weak tunneling po
(b) Edge-state configuration in the strong-antidot-coupli
regime. Here the edge states are almost completely reflec
(c) Temperature dependence ofGAB for the casesq ­ 1
(dashed curve) andq ­ 3 (solid curve). Each curve is
normalized to have unit amplitude at its maximum.
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Consider now the correlation function

kVy
6stdV6s0dl ­

jG
smd
6 j2y2

4p2a2
ke2imf6sx6 ,tdeimf6sx6,0dl

3 keimfAsx6 ,tde2imfAsx6 ,0dl, (5)

which arises in a perturbative calculation of the to
partition function Z ­

R
D fLDfRD fAe2S. For Z

to be invariant under a small increase in unit-cell s
a ! a0 ­ ba, we needG0 ­ b122DG, or dG

smd
6 yd ln b ­

s1 2 m2gdGsmd
6 . These flow equations, which show th

quasiparticlesm ­ 1d backscattering processes are re
vant and electronsm ­ 1ygd backscattering is irrelevan
when g ­ 1y3, were first derived by Kane and Fishe
[7] using momentum-shell RG. Next consider the fou
order termkVy

6stdV6st0dVy
7st00dV7s0dl. A Wick expan-

sion giveslocal terms as in (5), and, in addition,nonlocal
antidot propagators likekeimfAsx,tde2imfAs0dl with x fi 0.
However, the nonlocal terms scale in the same way as
local terms. The Kane-Fisher flow equations are theref
valid in the antidot problem considered here.

This scaling analysis shows that off resonance [22] a
at low enough temperatures the antidot will be in t
strongly coupled regime shown in Fig. 1(b). Furthermo
if the antidot system starts in the strongly coupled regim
by an appropriate choice of gate voltages, it will stay
this regime because them ­ 1 quasiparticle backscatter
ing process (which would be relevant in the RG sen
is not allowed in this edge-state configuration and o
electrons can tunnel. The strong-antidot-coupling reg
therefore admits a perturbative treatment [23], to wh
we now turn. Details shall be given elsewhere.

The current passing between edge statesL0 and R0,
driven by their potential differenceV , is defined by (restor-
ing units)I ; 2ek ÙNL0stdl, whereNL0 is the charge of edge
stateL0 as defined above. The current is now evaluated
small tunneling amplitudesGisi ­ 1, 2d, which for simplic-
ity are taken to be equal apart from AB phase factors. T
result isI ­ 24jGj2 ImfX11sV d 1 X12sV d coss2pFyF0dg,
where Xijsv ­ V d is the Fourier transform ofXijstd ;
n
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2iustd kfBistd, B
y
j s0dgl, and Bi ; cLsxidc

y
R sxid is an

electron tunneling operator acting at pointxi . This
response function can be calculated using bosoniza
techniques, and the result for filling factor1yq is Xijstd ­

2ustd sapd2q22 Imfsinh2qsy1d sinh2qsy2dgy2L
2q
T , where

LT ; by is the thermal length andy6 ; psxi 2 xj 6

yt 6 iadyLT. Each termXij in I corresponds to a proces
occurring with a probability~ jGiGjj. The local terms
X11s­ X22d therefore describeindependent tunneling
at x1 and x2, respectively, whereas thenonlocal terms
X12s­ X21d describe coherent tunneling through both
points. The AB phase naturally couples only to t
latter. We shall see that the local contributions beh
exactly like the tunneling in a quantum point conta
The AB effect, however, is a consequence of the nonlo
terms which lead to new non-Fermi-liquid mesosco
effects.

We have Fourier transformedXijstd exactly and find
a crossover behavior in the nonlocal response funct
when the thermal lengthLT becomes less thanjxi 2 xj j.
The finite size of the antidot therefore provides an imp
tant new temperature scale as defined above. Note thT0

is closely related to the energy level spacingDe ; 2pyyL
for noninteracting electrons with linear dispersion in a r
of circumferenceL: T0 ­ Dey2p2. The current in the
strong-antidot-coupling regime can generally be written
I ­ I0 1 IAB coss2pFyF0d, whereI0 is thedirect con-
tribution resulting from the local terms andIAB is the AB
contribution resulting from the nonlocal terms. Thus,
AB oscillations are always sinusoidal in this regime. T
widths of the resonances are temperature independe
we shall focus entirely on their amplitude. For nonint
acting electrons, the Büttiker-Landauer formula or our p
turbation theory withq ­ 1 shows thatIFL

0 ­ jGj2Vyp

and IFL
AB ­ 2jGj2T sinh21sTyT0d sinsVy2pT0d. The cor-

responding conductances areGFL
0 ­ jGj2yp andGFL

AB ­
sjGj2ypd sTyT0d sinh21sTyT0d.

The exact current-voltage relation for theq ­ 3 CLL
is I0 ­ sjGj2a4y120py6d s64p4T4V 1 20p2T2V 3 1 V 5d,
and
IAB ­ 2
jGj2a4p2

y6

T3

sinh3sTyT0d

"(
V 2 1 4p2T2

"
1 2 3 coth2

√
T
T0

!#)
sin

√
V

2pT0

!
1 6pVT coth

√
T
T0

!
cos

√
V

2pT0

!#
.

(6)

In the limit L ! 0, IAB reduces toI0. The AB conductance is

GAB ­ 2
2p3jGj2a4

y6

T 4

sinh3sTyT0d

(
3 coth

√
T
T0

!
1

√
T
T0

! "
1 2 3 coth2

√
T
T0

!#)
, (7)
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which is shown in Fig. 1(c) along with the correspondi
Fermi-liquid result.

The complete phase diagram is very rich and will
described in detail elsewhere. Here we shall summa
the transport properties for generalq as a function of
temperature for fixed voltage, first forV ø T0 and then
for V ¿ T0.
e

Low-voltagesV ø T0d regime.—There are three tem
perature regimes here. WhenT ø V ø T0, bothI0 and
IAB have nonlinear behavior, varying with voltage
V 2q21. When the temperature exceedsV , the response
becomes linear. WhenV ø T ø T0, bothG0 andGAB
vary with temperature as

G ~ sTyTFd2q22, (8)
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in striking contrast to a Fermi liquidsq ­ 1d. This is
the same low-temperature power-law scaling predic
[7,10,13] and observed [15] in a quantum-point-cont
tunneling geometry. HereTF ; yya is an effective
Fermi temperature. NearT ø 2T0 for the q ­ 3 case,
we find thatGAB displays a pronounced maximum, als
in contrast to a Fermi liquid [see Fig. 1(c)]. Increasi
the temperature further, however, we cross over into
V ø T0 ø T regime, whereG0 scales as in (8), but now

GAB ~ sTyT0d sTyTFd2q22e2qTyT0 . (9)

Thus, the AB oscillation amplitude exhibits a crossov
from the well-known T2q22 CLL behavior to a new
scaling behavior that is much closer to a chiral Fer
liquid. Careful measurements in this experimentally a
cessible regime should be able to distinguish betwee
Fermi liquid and our predicted nearly Fermi-liquid tem
perature dependence.

High-voltagesV ¿ T0d regime.—Again there are three
temperature regimes. At the lowest temperatures,T ø

T0 ø V , the response is nonlinear. The direct contrib
tion varies with voltage asI0 ~ V 2q21. The AB current
is more complicated, involving Bessel functions of the
tio Vy2pT0. As the temperature is increased further
T0 ø T ø V , we find a crossover to a remarkable hig
temperature nonlinear regime. Here,I0 ~ V 2q21 as be-
fore, but nowIAB ~ sTyT0dqe2qTyT0V q21 sinsVy2pT0d.
Note the additionalV q21 term that is not present in th
corresponding Fermi-liquid result. Therefore, the nonl
ear response can also be used to distinguish between F
liquid and CLL behavior, even at relatively high temper
tures. When the temperature exceedsV , the response fi-
nally becomes linear. WhenT0 ø V ø T , G0 scales as in
(8), whereasGAB scales as in (9). Thus, at high temper
tures the low- and high-voltage regimes behave simila

In conclusion, we have studied the AB effect for fillin
factor 1yq in the strong-antidot-coupling limit with CLL
theory. The low-temperature linear response is sim
to that in a quantum point contact. However, the A
oscillations are a mesoscopic effect and, as such,
diminished in amplitude above a crossover tempera
T0 determined by the size of the antidot. AboveT0,
the temperature dependence of the AB oscillations
qualitatively similar to that in a chiral Fermi liquid [se
Fig. 1(c)]. It is clear that a related crossover occurs
the weak-antidot-coupling regime as well. In addition, w
have identified a new high-temperature nonlinear respo
regime that may also be used to distinguish betwee
Fermi and Luttinger liquid.
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Note added.—After this work was submitted for pub
lication, we received a very interesting preprint by Ch
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mon and co-workers [24], where a double point-cont
arrangement that allows one to measure the charge
statistics of FQHE quasiparticles is analyzed.
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University of Basel, Klingelbergstr. 82, CH-4056 Base
Switzerland.
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