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Current-carrying ground states in mesoscopic and macroscopic systems
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| extend a theorem of Bloch, which concerns the net orbital current carried by an interacting electron system
in equilibrium, to include mesoscopic effects. | obtain a rigorous upper bound to the allowed ground-state
current in a ring or disk, for an interacting electron system in the presence of static but otherwise arbitrary
electric and magnetic fields. | also investigate the effects of spin-orbit and current-current interactions on the
upper bound. Current-current interactions, caused by the magnetic field produced at a Ippiatmoving
electron at’, are found to reduce the upper bound in a thin uniform ring by an amount that is determined by
the self-inductance of the system. The upper bound is also compared with recent measurements of the persis-
tent current in a single ring.

. INTRODUCTION Rin/R o Of the inner radius and outer radius fixed as these
radii become infinite. Although Vignale’s result does not pre-
A theorem due to Bloch holds that an interacting electrorclude the existence of a more stringent upper bound that
system in equilibrium carriesio net orbital current. This  always vanishes in the macroscopic limit, the upper bound is
question originally had been motivated by early attemptsactually realized in calculations of the persistent curféme

before the Bardeen-Cooper-Schrieffer theory, to explain sulntegrated azimuthal current densitin a two-dimensional

iy . . i i ' 134t
erconductivity by proposing that electron-electron interac'ONiNteracting electron gas in a large quantum-dot.
P y by prop 9 One motivation for this work is to extend the analysis of

tions lead to special current-carrying S“?“?S of lower ENETO%ef. 11 to include the effects of spin-orbit interaction, which
than the current-free s_tates. However_, It Is now understooﬂas received considerable attention in connection with per-
that supercurrent-carrying states are, in fact, metastaie  gjstent currents and spontaneous currents. Spin-orbit interac-

equilibriumstates, which, because of their off-diagonal Iong-tjon is known to lead to a topological interference effect,
range order or wave function rigidity, have an extremely longcalled the Aharonov-Casher efféétwhich is an electromag-
lifetime. netic dual of the Aharonov-Bohm effect. Medt al® have

The great interest over the past several years in the physhown that spin-orbit scattering in one-dimensional disor-
ics of mesoscopic systems again has made the question dered rings induces an effective magnetic flux, which re-
allowed equilibrium currents an important one. More thanduces the persistent current in a universal manner. The effect
ten years ago, Btiker et alZ predicted the existence of equi- of spin-orbit interaction on mesoscopic persistent currents

o ; ; ; been studied by several other authors, who also find re-
librium currents in mesoscopic normal-metal rings threaded!2S ~ ) '

. ) 3 5. duced current$®~1°This has led us to question whether the
by a magnetic flux. Recent experimental evidenté sup- .upper bound on the allowed persistent current is itself re-

port of this conjecture has stimulated considerable interest Buced by spin-orbit interactions. We shall show here that this
these so-called persistent currents. Although a satisfactor ot the case.

explanation of the experiments is still lacking, the present A second motivation for this work is to examine the in-
consensus is that both electron-electron interaction and dispence of current-current interactions, an ordétc? rela-
order effects are importafitA related phenomena is that of tjyistic effect caused by the magnetic field produced at a
spontaneousrbital currents occurring in the absence of anypoint r by a moving electron at’. The possibility of these
applied magnetic field or twisted boundary conditions. Al-magnetic interactions leading to a spontaneous current-
though there is no experimental evidence for this symmetryearrying state in mesoscopic metal rings has been discussed
breaking state, spontaneous orbital currents have been prer a remarkable paper by Wohllebeet al,” where it is
dicted to occur by several authdrs, but to not occur by  shown that, in zero field, a small ring exhibits a transition to
others'© a state with persistent current. The combined effects of spin-
Given the diverse situations in which equilibrium current- orbit coupling and current-current interactions has been stud-
carrying states may occur, it is worthwhile to revise Bloch'sied recently by Chof. We shall show below that current-
theorem to incorporate these mesoscopic effects. To this endurrent interactions in a thin ring reduce the upper bound on
Vignale'! has recently derived a rigorous upper bound to thethe ground-state current by an amount that is determined by
persistent current in a single ring, the results being valid fothe self-inductance of the system.
both noninteracting and interacting electrons in the presence In this paper, we derive an upper bound to the ground-
of arbitrary magnetic fields and impurity potentials. One sur-state current in an arbitrary many-electron system, including
prising result of Vignale’s analysis is that although the upperspin-orbit coupling and current-current interaction effects. To
bound to the persistent current in a thin ring of uniform best demonstrate the modifications to Bloch’s theorem from
density and radiuR vanishes as R for largeR, it doesnot  the effects of finite sample size, we restrict our analysis to
vanish for a thick ring or punctured disk with the ratio zero temperature. However, our final results are also valid at
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finite temperature, as may be shown by following the method Hﬁ ;‘
of Ref. 11. Another difference between this work and Ref. 11H = m_ 8m3c2
is that the latter derives an upper bound that is more effective "

(i.e., lowep in a strongly nonuniform ring. Although the up- 1

per bounds derived here are also valid in this case, they are + msn.[vvun)xnn]
only effective for systems with nearly uniform charge den-

sity (for example, the rings typically studied experimentally e?
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n<n’
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Il. RIGOROUS UPPER BOUND 4
We begin by obtaining a many-electron Hamiltonian that,here 11 =p,+(elc)A(r,), the S are spin operators, and
includes current-current interactions to ordérc?. In the where thne pgtemiam aaniV are time independent but oth-
transverse gauge, the vector potential seen by an electron @wise arbitrary. Spin-spin interactions and the coupling of
r, in the presence of the other moving electr¢ofcharge  the spin degrees of freedom to the external magnetic field are
—e)is not important here and shall be ignored. The velocity opera-
tor v,=[r,,H]/i# is given by

i __ ir —r o) —r., oI 2 1 .
Allr)==(e120) 5 Thrn=rto ol /lro=rwl, @) Uh:ﬂl_ﬁ;& b IS XTIV

where v, is the velocity of thenth electron, and where e? P TIra=r)  TI(r—ry)
TU(r)=6"+r'rl/|r|2. This vector potential leads to a _4m2c22 1L, (=T r—rn] "
n’#n n 'n n"'n

current-current interaction term in the Lagrangian of the
form 5

We shall consider a system df electrons confined to a
ring or disk, oriented with its axis along ttzedirection, and

Line= (€%/2¢) 2 v T =ra)vhdIra=tel, (@ we write (4) in cylindrical coordinatesr=(r,6,z). The
n<n thickness and cross-sectional shape of the system is arbitrary.
The many-body ground staté(r;S;,---,rnySy) Ssatisfies

which in turn leads to a current-current interaction term in

the Hamiltonian of the form H¢=Ey, whereE is the ground-state energy.

Suppose that the ground stagecarries an orbital persis-

tent current,
‘/’ 2 (eOErn) 'Vn+Vn’ eﬁirn)> ¢>1 (6)

ij —r)) .
:\Mpl . 3) e <
|rn_ rn’| " |l=——
4 n n n
to leading order in?/c2. The complete Hamiltonian, includ- where e,(r) is an azimuthal unit vector at positian We
ing spin-orbit coupling, Coulomb and current-current inter-may construct a rotating state ¢'=Uy, where
actions, and coupling to additional electric and magnetidJ=II,e'?-%'" which is not necessarily an eigenstate of

Hin=— (e%/2m?c?) >, p

n<n’

fields, may be written as H, and which has a mean enery=(y'|H|#’) given by
|
SN R VSRS O I F LTI g
T e 2m\ 4 r2 8mic2\ & | 2 2T g2
2 i ier _ j 0
€ eo(rn)T (rn rn’)ee(rn’) 2 1 1_[n 3 1 1 4
_4m202<n§1, Falln— TP oL o En: sl oL e En: 2 oL 0

Here “( )" denotes an expectation value in the original However, the smallest nonze@ permitted by the condi-
ground state i, Hr‘fEHn-eg(rn), and we have used tion that the wave function)’ be single valued isSL=*.
UM, U=II,+e,r,)dL/r,. The energy difference, When the relativistic corrections if4) are neglected,
SE=E’—E, plotted as a function of the parametét, is SL*=6L5 , where
shown in Fig. 1. For values aofL, such that 8<SL<4SL*,
where L* is the zero ofSE defined in Fig. 1, the rotating L= (47rmI/Ne)<1/r2>‘1. (8
statey’ has a lower mean energy than so¢ cannot be the  Here,
1 1 3 n(r)
<Er7>_NJdrr7’ ©

ground state. 1
This is the essential content of Bloch’s theorem. It applies < >

whenever there is a nonzerdl satisfying 0<SL<SL*.
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SE Ill. UPPER BOUND FOR A THIN RING

Now consider the case of a thin ring with cross-sectional
dimensions much less than the radRf the ring. In this

case,
19 .=Neh/4mmR = 2ev/L, (14)
| oL wherev is the Fermi velocityL=2=R is the circumfer-
SL* ence of the ring, and
3 6\2
FIG. 1. Energy difference between the ground siatand the A~ >m2c2N E (I1y)
rotating state)’, as a function of the imparted angular momentum "
oL. . . .
4 92 2 eb(rn)TIJ(rn_rn’)eIH(rn’)
wheren(r) is the ground-state number density. Therefore, 2mcN nen’ IFn= "ol
Bloch’s theorem applies only wheéL* >#, or whenever )
[1]>18.,, where h 0
19,= (Neh/dmm) (1/r2) (10) "R | 4 1) R o
max "

'I_'h_is.is the upper bouno[ derived in Ref. _11. When ihg relaThe first term in(15) is approximately equal t&g/mc,
tivistic corrections are included to leading ord@.™ is  \yhereE, is the Fermi energy, and hence this term is entirely

given by negligible here. The magnitude of the third term may
SL*=6LE + (wl/emE@N?(1/r?)?) be estimated by using the approximatiofs,I17)
- ~47mRE,_ /e, which shows that the third term and fourth
xS HziJr £H2+4(Hn) term in(15) are both of ordek2/R?, where\ .=#/mcis the
n np2op2en r2 Compton wavelength of the electron. These terms are, there-

fore, negligible here as well.

2mel e, (r)TI(r,—ra)e(ry) The operator in the second term(@5) may be written in
TN 12 n%, It |ro second-quantized form as
N 16m°12 D H_g 16m°mI%(1ir*) > e r) T =ra)el(ra)/rn=rul
e?CN3(1r2)3\ 5 r3 e3c2N3(1r2)t n#n’
(11 =f d3r d3r F(r,r) gt () (e ) g(r ) u(r), (16)
Bloch’'s theorem therefore applies whenevBl>I ..,
where wherey(r) andy'(r) are electron field operators, and where
lmas= (1= A)12 (12) - _
ma mae F(r,r)=ey(nTI(r—r")ey(r')|r—r'|. 17
and
1 1 1 (T17)2 This term is a consequence of the current-current interac-
A= —55 2 (Hﬁ—z+ _21'[§+4_”2_) tions. In a mesoscopic or macroscopic system, the largest
Am“cN(1r<) \ 4 P = M contribution to the expectation value df6) comes from the

) , i j direct termd3 d3r'F(r,r")n(r)n(r"), which is normally
e < D €y(r) T (rn—rn)ey(rnr) > absent in the case of Coulomb interactions in a uniform sys-

+— SO . . X

2mcEN(1ir?) Faltn=ralrn tem. For a thin wire of approximately uniform density and
current density, we may write the latter bslivided by the

h <E H§> h2(1Ir%) cross-sectional areid/nL,

* m?c?N(1/r?) * 4m?>c?(1/r?) (13

n#n’

3

r .
noon j(r)=~ (NIL/N) ey(r). (18)
is a dimensionlesgeduction factor States carrying orbital
currents larger thah,,,, cannot be ground states @f).

The upper bound12) applies to interacting electron sys- <

Then we have

eif)(rn)Tij(rn_rn’)eja(rn’) >

tems in the presence of static but otherwise arbitrary electric | |
rn_ rnr

and magnetic fields, and includes the effects of spin-orbit
coupling and current-current interaction. The upper bound

>

n#n’

(10) applies to noninteracting systems and also to electrons _ON? &r o AT r=r")ji(r")

with Coulomb interaction. In particula¢10) applies to non- - 4772R2|2f ra [r—r’|

interacting electrons in a periodic potential, and this fact ) i o

leads to a general constraint on the band structure of any _ N f 43 d3r,J(f)'Jt(r ) (19
one-dimensional crysta. 27°R?|? [r—r']
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wherej, is thetransversecurrent density, defined as Fsezgmi velocity of 18cm/s, a typical value, may be written
a
H — et et ’
]t(r)—(1/47r)V><V><f a3 j(r")|r—r’| 19 ~0.32 WAL (um), (25
whereL (um) is the circumference of the ring in microme-
ters. As discussed above, the relevance of inductive effects
are characterized by the ratio bf=c®,/.4, which is the
(20)
current needed to produce one quantum of flub&&. If we
Because the equilibrium current density satisNe$=0, the = measure the self-inductance in micrometers, then
second term ir20) vanishes angl is purely transverse. The
reduction factor15) for a thin ring may therefore be written l.~41.2 mALZ (um). (26)
approximately as\ =212 #/cd,, where

=j(r)+ (1/477)Vf dsr'[V'-j(I")]/|r—r’|.

The reduction factof22) for a metal ring may then be writ-
ten as
Y= (lllz)f d3r A3 [j(r)-jaeHY|r=r'| (2D
A~15x10"° /L. (27
is the classical self-inductance of the ring, and where
®,=hcle is the quantum of flux. It is also useful to rewrite ~ The self-inductance of a thin toroidal ring with major ra-
the reduction factor as dius R and minor radius a (wire radiug is
0 “=47R[In(8R/A)— 7]. Therefore, we see that depends
A=2lmadle, (22 only on the aspect rati®/a of the ring, and not on its cir-
where cumference:

l,=cdy ¥ (23 A~3.0<10 [ In(8R/a)— 1]. (28)

is the magnitude of the current needed to produce one quaror a thick ring, wherdr/a~1, ¥ is approximately equal to
tum of flux. This latter form makes explicit the relative im- the sizel of the ring.(Note, however, that the present analy-
portance of the inductive effects. Therefore, the upper boundis does not apply to this caseFor a thin ring with

in a thin ring may be written as R/a~10 orR/a~100, ¥ is substantially larger.
= (1— 2% /1] 24 Consider, for example, a gold ring with~12 um and
= (1= 2l ma/1e) mae (24) R/a=~30, characteristic of the rings studied by Chandresa-

We see that the current-current interactions alwesduce khar et al,* where persistent currents of orde},, were
the allowed ground-state current by an amount that dependseasured. TherZ/L~7.5, andA~10"%, a negligible re-
on the self-inductance of the ring. As is clear from our deri-duction that is consistent with the experiments.

vation, which treated the current-current interaction as a

small perturbation(24) is valid only whenA<1 , or when ACKNOWLEDGMENTS
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